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Abstract

The last decade has brought a number of new results related to the thermodynamic fundamentals of surface science.
Increasing the generality and rigor of known methods and obtaining new relationships make necessary supplementing
the previous review of the author [A.I. Rusanov, Surf. Sci. Rep. 23 (1996) 173-247] to provide a fresh insight into the
modern higher-level state of surface thermodynamics. A deeper understanding of such basic notions of surface
thermodynamics as dividing surface, excess surface stress (surface tension), transversal surface tension, line tension,
and mechanical equilibrium is reviewed for curved interfaces. At the same time, the development of the local
thermodynamics (including surface layers with a real surface stress) is exhibited with the gateway to mechan-
ochemistry, which is practically a department of surface science for solids. The chemical approach to the thermo-
dynamics of nanoparticles is described and illustrated by examples. Polymorphous transformations in nanoparticles are
characterized. New relationships for thin wetting films (on the surface, in slits and pores) are given, and various cases of
non-uniform (in thickness) films are analyzed. The modern theory of an equation of state of an adsorbed monolayer is
formulated, and the survey of old and new equations of state is given within the hierarchy of approximations.
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1. Introduction

The previous review by the author devoted to surface thermodynamics [1] was published a time ago
long enough to need updating. Remarkably, the last decade has brought a number of new results related to
the thermodynamic fundamentals of surface science, and this is the main reason for writing a new review
paper. We will try to avoid duplication and concentrate on new achievements. The report will proceed
along three lines. The first one is the reformulation of some known basic concepts of surface
thermodynamics in the light of new results. This concerns, first of all, the dividing surface and surface
tension, the most important concepts of Gibbs’ surface thermodynamics, as well as the mechanical
equilibrium condition at an interface. We earlier [1] cited Gibbs’ saying ““One of the principal objects of
theoretical research in any department of knowledge is to find the point of view from which the subject
appears in its greatest simplicity’” [2]. Such a point of view seems to be found for the formulation of the
mechanical equilibrium condition (including the generalization of the Laplace equation) in a vector form.
Surprisingly, transition to a maximum possible generality and rigor is here accompanied by a great
simplification. Defining the surface tension tensor as an excess quantity, the excess normal component of
the stress tensor is called the transversal surface tension. The third dimension aspect of surface tension is
discussed, and the role of transversal surface tension is illustrated by examples.

The second line of consideration is supplementing the topics presented earlier [1] with new results.
This concerns wetting phenomena, the line tension, and the Shuttleworth—Herring relation dealing with
two different surface tensions (mechanical and thermodynamic) for solid surfaces. As was shown by the
author earlier [1], the difference of the two surface tensions is related to the behavior of the chemical
potential of a solid in its surface layer. However, the situation with chemical potential seems to need
better understanding. In spite of that the tensorial nature of chemical potential in solids was convincingly
exhibited many times in the literature (and also in Ref. [1]), the concept of the chemical potential
anisotropy seems to become choky for many solid state scientists. It is typical that, artistically operating
with the stress and strain tensors, they deal with the chemical potential in a solid as with that related to a
fluid. The situation forces the author to represent a new detailed and transparent derivation of the known
expression for the chemical potential tensor as a direct consequence of the thermodynamic definition of
chemical potential.
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The line tension plays a significant role in wetting phenomena. Up to the present time, the information
about the line tension has become such numerous and diversified that a systematization is needed in this
field. The line tension classification includes two- and three-dimensional systems with rigid or
deformable solids. Similarly to surfaces, a distinction is also made between the excess line stress
(mechanical line tension) and the excess line free energy (thermodynamic line tension). The latter is used
in the generalized Young equation for the three-phase contact line, which is the most important practical
case. Using Gibbs method of dividing surfaces, the condition of equilibrium of a sessile drop on a flat
non-deformable solid substrate is investigated. The dependence of the line tension on the curvature radius
of the dividing three-phase contact line is found and other useful formulas for the line tension and its
derivatives are reviewed.

The third line of the review is characterizing the topics and areas of surface science not described or
only barely touched upon earlier [1]. This includes mechanochemistry, nanoparticles, and thin films and
monolayers on a solid surface. As in all above cases, the description is provided on the basis of newly
obtained results. Since every solid typically participates in chemical reactions with it surface, the solid
state mechanochemistry actually is a department of surface science. In mechanochemistry, not an excess
surface stress introduced in surface thermodynamics, but a real surface stress is important as directly
influencing the solid chemical potential and the affinity and, as a consequence, the rate of a chemical
reaction. This requires the development of local thermodynamics of anisotropic solid states presented in
Section 2. The distinctive of this description is, first, the use of the volume displacement tensor (together
with or replacing the strain tensor) and, second, the use of the Cauchy stress tensor that is a real stress
tensor in contrast with the Piola tensor (related to the hypothetical initial unstrained state) used, e.g. by
Landau and Lifschitz. This approach simplifies understanding the mechanical term in fundamental
thermodynamic equations. Affinity, a certain combination of chemical potentials, is known to be a
driving force for all processes occurring with matter (diffusion, phase transitions, chemical reactions,
etc.). The affinity tensor can be easily incorporated in the fundamental equations for solids, and this
makes the thermodynamic basement for mechanochemistry.

The description concerns not only bulk masses, but also small pieces of matter. The thermodynamics
of curved interfaces, and, in particular, the dependence of surface energy on the particle size, is of
especial importance for nanoparticles. It was experimentally discovered for a long time ago that phase
transitions could occur in nanoparticles in the course of their preparation by disintegrating a solid. In spite
of a small size of particles, this phenomenon was usually described in the language of the Clapeyron—
Clausius equation for macroscopic phases, and rigorous equations for nanoparticles presented in the
review were derived only recently. Being of an intermediate position between single atoms and
macroscopic phases, nanoparticles are completely described when both their internal and external
energies are taken into account. For this reason, the phase approach, accounting only for internal energy
and neglecting external energy, seems to be insufficient for nanoparticles. As an alternative to the phase
approach, a quasi-chemical approach to thermodynamic description of solid nanoparticles is formulated
when nanoparticles are regarded as supramolecules, their set of same nature and increasing size as
homologous series, nanoparticles of same composition but different structure as isomers, etc.

Thin wetting films can be located both on the solid surface and inside the pores or/and slits in a solid.
The main characteristic of a thin film is that its both surface layers are incompletely developed (say,
because of not enough space in a slit). As a result, conditions for equilibrium for thin films do not coincide
with those for interfaces. In particular, an additional thermodynamic property, the disjoining pressure,
appears in relationships for thin films, defined as a difference between the normal pressure in a film and
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the pressure in the mother bulk phase having the same values of chemical potentials as in the film. The
equilibrium conditions for thin films, non-uniform in thickness, on solids are reviewed, and the disjoining
pressure definition for non-uniform films is discussed.

A monolayer is a particular case of a thin film that lowers the surface free energy and the positive
surface stress of solids. The problem of an equation of state for an adsorbed or spread surface monolayer
is reviewed in the final section. A novel approach to the theory of an equation of state is described based
on the notion of excluded area. Surveying the hierarchy of approximations, many old and famous (the
Planck, van der Waals, Frumkin, and of the scaled particle theory) equations, as well as recent and precise
two-dimensional equations of state, are presented in a systematic manner and verified by comparison
with the modern data on computer simulation with hard disks by the methods of molecular dynamics and
Monte Carlo. The attempts to formulate an orientation equation of state and the relation between
molecular orientation in monolayers and two-dimensional phase transitions are reviewed. When
formulating the novel approach to the theory of equation of state, we again meet the strong requirement
of simplicity (this principle is often called “Ockham’s razor), so that the above Gibbs’ saying could
serve as an epigraph to this paper.

Surface science develops not uniformly in all its departments. So, if we try to touch upon all
achievements of surface thermodynamics, this makes the review to some extent fragmentary by
necessity. It is of hope, however, that, taken together with the previous review by the author [1], this
paper presents the state of the art of surface thermodynamics in good coverage. Since the historical
background of surface thermodynamics as a whole was given in Ref. [1], we do not repeat it here and
practically give no references in the introduction. However, when considering new areas of surface
thermodynamics, a necessary historical sketch will be given separately in corresponding sections with all
references. Before we proceed to surface thermodynamics, it is natural to survey modern local
relationships for anisotropic (solid) states that can be equally applied to bulk phases and surface layers.

2. Local thermodynamics of solids

The mechanical part of the local thermodynamics of solids is formulated in the theory of elasticity [3]
quite independently of the chemical part including chemical potentials. This is attained by assuming the
amount of matter to be constant in all processes, so that the chemical term in fundamental equations
disappears automatically. Furthermore, the mechanical part is formulated in such a form (using the Piola
stress tensor) that makes it scarcely suitable for serving as a template in formulating the chemical part. To
overcome this difficulty, we first have to reformulate the mechanical part of the local thermodynamics of
solids. The second step will be the formulation of the chemical part in a similar way. Eventually, we will
unite both the parts in fundamental equations making the thermodynamic basement of mechanochem-
istry [4,5].

2.1. Mechanically anisotropic states in a solid

The anisotropy of a body element can be caused by the nature of the body itself or by external actions
transforming the element to an anisotropic state. Mechanically anisotropic states are especially typical
for solids where such states easily arise under the action of external forces. If the stress vector E,, is
applied to the unit area of an arbitrary cross-section passing through a given point of a solid and having
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unit normal n, the set of E,, as a function of n completely characterizes the local mechanical state. The
physics of the stressed state is such that, for finding this function, it is enough to know three stress vectors
E; (s = 1-3) on the surfaces perpendicular to the three basic directions. The set of the three vectors yields
the stress tensor E in the diadic form (the second order tensor)

3
E= ZIE 2.1
s=1

where the diadic (tensorial) product of the basic unit vector i, and the corresponding stress vector Eg
stands under the symbol of summation (we set the basic unit vector on the left and shall below carry out
the multiplication by vector from the left, bearing in mind that operators can also been taken in the vector
form). The vectors E; have components E,, (f = 1-3; the subscript sequence is here more conventional
and different from that used in Ref. [3]). The stress tensor given by the table of E, (s, t = 1-3) is always
(even under non-equilibrium conditions) symmetrical (i.e. E; = E;;) by physical conditions (the second
law of motion by Cauchy [6]). Therefore, the number of components diminishes down to six in the
general case. Furthermore, as for any symmetrical tensor, the number of the components of the stress
tensor can be reduced to the three principal values E; (k= 1-3) by the corresponding choice of an
orthogonal coordinate system (with the axes along the principal directions), so that one can write

Enn En Ep E, 0 O
E=|Ey En Ex|=|0 E 0]. (2.2)
E3 Exn Es 0 0 E;

Irrespective of the stress tensor form (diagonal or non-diagonal), the stress tensor always contains
diagonal components which are normal stresses. If, however, the stress tensor is taken in the diagonal
form, tangential stresses disappear and only normal stresses are maintained, which can be created, for
example, by the contact of a solid with a liquid of a given pressure (pressure always acts as a normal
force). Therefore, if we imaginary select an elementary rectangular parallelepiped with its faces
perpendicular to the principal directions, the mechanical state at this place may be identified with
the state of the parallelepiped when it contacts (with its different faces) three different liquids of pressures
p1=—FE1, po = —E,, and p; = —E;5 (Fig. 1). The stress E,, on the unit surface of arbitrary orientation n, is

..........

Fig. 1. An elementary parallelepiped in contact with three liquids (the third liquid contacts the parallelepiped in the drawing
plane).



A.I Rusanov/Surface Science Reports 58 (2005) 111-239 117

found from the condition (a dot symbolizes a scalar product; the scalar product of a tensor and a vector is
a vector)

E,=n-E. (2.3)
Putting (2.1) in (2.3), we obtain

3
E, =) (n-i)E,. (2.4)
s=1

Every stress is a force which is capable to do a work if the elementary surface to which the force is
applied, is able to moving. Let a displacement of a unit elementary surface of orientation n be given by
vector u,, (that can be not collinear with the stress vector E, at the same surface). Then the elementary
displacement work is E,-du,,. Applying this expression to the element of the surface of an equilibrium
body with the outer normal n and integrating over the whole closed surface A of the body, we evidently
obtain the elementary work of deformation of the body (if the process is quasi-static, this work yields the
change in free energy F under the condition of the constancy of the mole numbers N; of all components):

(dF)y, = § (E, - du,)dA (2.5)

We choose, as a body, an elementary rectangular parallelepiped with its faces perpendicular to the
Cartesian coordinate axes x; (s = 1-3), with its edges of lengths L; (s = 1-3) along the corresponding
axes, and with its volume V = L;L,L3. For such a body, Eq. (2.5) takes the form

3 3 3

(dF)y, = Y AE-du, = E,-dV, = V) E,-de;, (2.6)
s=1 s=1 s=1

where A; is the area of the face perpendicular to the direction s, V; and e, are, respectively, the volume

displacement vector (of the volume dimension) and the strain vector (dimensionless) at the s-face,

defined through the linear displacement vector as

V, = A,u, (2.7)
uy
s = — 2.
e, L (2.8)

The terns of these vectors at the elementary surfaces perpendicular to the basis directions, form the
volume displacement tensor

Vit Vi Vi3

3
Zisvs =\ Va Vi Vp (2.9)
=t Vii Vi Vi3

1

and the strain tensor

3 €11 €12 €3
éEZisesZ e e e |. (2.10)

€31 €32 €33
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For small displacements, the diagonal components of tensor V yield the absolute volume changes and the
diagonal components of tensor ¢é yield the relative changes of volume or of linear dimensions along
corresponding axes (non-diagonal components describe the deformation of beveling the right angle). The
tensor trace (symbol Tr), i.e. the sum of the diagonal components, is known to be an invariant
(independent of the coordinate system) and gives the absolute, in the case of V, or the relative, in
the case of ¢, change of the volume of the whole body:

>
|||

3

TrV=1:V Z Vi = AV, (2.11)
3

(2.12)

where two dots denote a biscalar product (as in the (single) scalar product of vectors, this is the sum of the
pair products of corresponding components of tensors under multiplication).

Using tensorial symbolism (appropriate for any coordinate system), we now can write Eq. (2.6) in two
equivalent forms

3
(dF)y, = E:dV=> EydV, (2.13)
s,t=1
(dF)y, = V(E: dé)= VZES,deY, (2.14)

From (2.13) and (2.14), the important relations follow

oF oF
8Vst Voey;

st = (5,0 =1-3) (2.15)
The reader has noticed that we use full free energy in all relationships and do not use the free energy
density, as it is generally accepted at the formulation of the thermodynamics of deformation in continuum
mechanics. Not referring to the unit volume initial state, we also use the real stress tensor (the Cauchy
tensor) that is applicable to every actual anisotropic state (see Ref. [4] for comparing the above equations
in terms of Cauchy and Piola tensors).

We considered above the relationships for small uniform regions of a mechanically anisotropic
system. However, the system as a whole can be nonuniform and characterized by a given stress tensor
field in whose formation also external fields (gravity, an electrical field, etc.) can take part. In such a
system, the obvious condition of mechanical equilibrium is the equality to zero for the total force acting
on any fragment selected of the system. This force is composed of the contact force given in (2.3), after its
integration over the closed surface A of the system fragment selected, and the force F of an external field:

}[(E-n)dAJrF—o. (2.16)

By dividing (2.16) by the volume V of the fragment selected and letting V — 0 (then, by definition, the
first term yields the divergence of the E tensor), we pass to the local formulation of the mechanical
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equilibrium condition
V-E=—f (2.17)

where the divergence of the stress tensor is represented as the scalar product of the nabla-operator and the
stress tensor, and f = F/V is the external field force per unit volume. Depending on the stress tensor
definition, this force can be also included into the stress tensor as its component (for example, as the
Maxwell stress tensor to speak about an electromagnetic field). This reduces Eq. (2.17) to the form
similar to that in the absence of fields

V-E=0. (2.18)
The advantage of Eq. (2.18) is its simplicity, although the stress tensor itself acquires a more complicated
structure.To conclude this section, we touch the relation between the stress and strain tensors. This
already refers to the problem of a solid state equation, which is often used as the Hook law. However, we
postulate no equation of state, but only introduce the components A, of the elasticity modulus tensor A
(a tensor of the fourth order)

dE;,
Mgt = — (2.19)
dest

not assuming the constancy of these quantities. Since each of the tensors £ and é contains six different
components, the number of components in the six-dimensional tensor X is 36, but, accounting for that,
similarly to £ and é, A is a symmetrical tensor, the maximum number of modules in one tensor is reduced
to 21. As for the total number of modules, it should be estimated from the number of possible derivatives
of the form (2.19). The matter is that the derivative in (2.19) is taken not only at the natural constancy of
the temperature and the mass of a body, but also at additional conditions imposed on the tensors E and é
and influencing the meaning of a modulus defined. For example, one can define the modulus of stretching
A1111 with the following variations (the exclusive disjunction & is of the meaning “‘either, or’’)

<d (2.20)
€1l e DEp,e33DE33,10DE12,613DE13,603BE3

where always, as in every other modulus, five quantities are fixed in addition to temperature and mass. If
all the five are strains, Ay is the one-dimensional stretching modulus. If, however, all the five are
stresses, A1111 1S Young’s modulus (other combinations still have no their terminology). Each of the five
conditions in (2.20) yields two variants, and they all together form 2° = 32 variants for every of the 21
modules. Thus, the theoretically maximum total number of elasticity modules of an anisotropic solid is
672 (the reduction of this number for real crystals is larger, the higher is the crystal symmetry).

Having the relation between the components of the stress and strain tensors, we can choose the
variables in thermodynamic equations at discretion. The components of the strain tensors play the role of
independent variables in Eq. (2.14). Choosing now the stress tensor components as independent
variables, we may write

3 3
de, dE,,
dey = > st dE,, = > ! (2.21)

ILm=1




120 A.IL Rusanov/Surface Science Reports 58 (2005) 111-239

where A, is defined by (2.19) at the constancy of all components of the stress tensor E;, except Ej,.
Putting (2.21) in (2.14) yields the expression for the partial differential of free energy in terms of the
stress tensor components:

(dF)y =V Loy, (222
From (2.22), the important relationship follows

3
= e

S,

(2.23)

lm&t

The above relationships will be helpful at the formulation of the chemical terms in fundamental equations
for anisotropic bodies.

2.2. Chemical potential tensor

It is possible to show that the anisotropy of the stress tensor in a solid leads to the anisotropy of
chemical potential, which supplies the chemical potential with a tensorial character. This fundamental
statement slowly penetrates into theory (e.g. it has not yet been used in mechanochemistry), so it is
worthy to consider it in more detail.

2.2.1. Historical background

Although chemical potential is one of the central quantities of Gibbsean thermodynamics, Gibbs
himself scarcely applied this notion to solids. Nevertheless, it was Gibbs who was first to show that a
soluble solid can be not only in mechanical, but also in chemical (diffusion) equilibrium simultaneously
with three its solutions at different pressures (Fig. 1). Gibbs derived the equilibrium condition [7, pp. 195,
217]

where f is the free energy density, ¢ concentration (the amount of matter per unit volume); the subscripts
refer: i to mobile species of a solid (Gibbs called them “fluids absorbed by a solid”’), j to the matter of the
solid (the immobile species forming the solid lattice), k to the orientation of the solid surface (when the
normal to the surface corresponds to one of the principal directions 1-3). The chemical potentials have
been marked with the single prime if they refer to the solid and with the double prime if they refer to the
liquid, so that Eq. (2.24) represents the phase equilibrium condition which is traditionally perceived as
the equality of chemical potentials in adjacent phases. Of course, this interpretation has to be proven (and
will be proven below). If we actually identify the left-hand side of (2.24) with the chemical potential of
the immobile species in a solid M’j(k):
) _ S B

Wiy = - (Hici (2.25)
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such chemical potential seems to be defined not uniquely since it depends on the choice of direction k. In
reality, however, the chemical potential is defined quite uniquely, but as a tensor:

Wiy 00
pi= 0 W 0. (2.26)

We have here written tensor ;2/]- straightway in the diagonal form since, according to Eq. (2.25), it
should reproduce the symmetry of the stress tensor. It should be noted, however, that Eq. (2.25)
certainly cannot serve as the definition of the chemical potential. Actually, Eq. (2.25) is a thermo-
dynamic relationship and needs a proof (see below). As for the definition of the chemical potential
tensor, it should be formulated by using the conventional method accepted in thermodynamics (we
will represent it too).

It looks like a historical paradox that Gibbs, who was engaged not only in thermodynamics, but also in
the vector and tensor calculus, did not introduce the notion of the chemical potential tensor. However,
there was a reason for this since the chemical potentials of immobile species in solids did not play the
same role as the chemical potentials of mobile species in fluids. In any case, Gibbs actually substantiated
the tensorial nature of chemical potential. Nevertheless, he did not write the word ““‘tensor’ for chemical
potentials, and this stimulated a number of scientists (see, e.g. [8—14]) to useless attempts to create the
thermodynamics of elastic bodies on the ground of combining anisotropic stress with isotropic chemical
potential. A survey was given by Kamb [15] who concluded: ‘““among the outstanding theories, only that
of Gibbs has any validity”.

1960s were marked with a hitch in understanding the tensorial nature of chemical potential.
Podstrigach, with respect to solids [16-19] (see also [20]), and Stuke, with respect to irreversible
processes [21,22], were first to speak openly about the chemical potential (and Stuke also about
temperature) as a tensor. Sooner or later (and often independently of each other), a number of other
researchers had come to the same approach [23-31]. However, the theories formulated are not quite
consistent. Stuke [22] has come to the denial of possibility of the equilibrium anisotropy of the stress
tensor in fluids, although such anisotropy is known to be typical for fluid surface layers or smectic
liquid crystals. Also the formulation of the problem of diffusion in elastic bodies [24] seems to be
contradictory.

At the same time, the very elementary problem, a rigorous definition of the chemical potential tensor,
was not understood completely. Most authors gave no definition at all and postulated thermodynamic
relationships for the chemical potential tensor at once. Meanwhile, the problem is not so simple. First, if
the chemical potential is a tensor, its conjugate quantity, mass or the number of moles, should also be a
tensor, which looks quite improbable (mass is a typical scalar). Second, turning to the known
thermodynamic definition of chemical potential

drF
w,= (—) , 2.27)
! dn; TV.Niz;

free energy F and the number of moles of the jth component N;, as well as the temperature 7, the volume
V, and the number of moles of other components as subscripts, are scalar quantities. A similar situation,
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however, exists for the known pressure formula

dF
=—(— 2.28
p ( dV> T,Ni, (2.28)

where only scalars stand too. We know that, when passing to a mechanically anisotropic system, the
constant volume condition is replaced by the more detailed condition of fixed boundaries (configuration)
of the system, and the volume change (as a shift of one of the boundaries characterized by the volume
displacement vector in (2.7)) is related to a direction, which results in introducing the volume
displacement tensor in (2.9) and the strain tensor in (2.10). As a result, (2.28) is replaced by (2.15).
Similarly, we should attach a directed character to the mole number variation in Eq. (2.27) when passing
to an anisotropic body. In other words, the definition of the chemical potential tensor according to
Eq. (2.27) implies the derivative denominator to be converted into a tensorial quantity. However, this can
be done in various ways. Operating with the free energy density (as a scalar), Podstrigach introduced a
density tensor [19] (or a concentration tensor to speak about a multicomponent system [20]), but this is
the same as introducing the mass tensor. Logically, the free energy density should also be understood as a
tensor in this formalism, which is nonsense. By contrast, not mass itself but its directed variation was
considered as a tensor in the author’s approach [1,30,31], whereas density, concentration, and the free
energy density remain ordinary scalar quantities. Below, we will show how the chemical potential tensor
is derived from a correct definition.

2.2.2. Direct derivation of the chemical potential tensor from its thermodynamic definition

First of all, we have to reformulate the chemical potential definition to make it applicable to
anisotropic systems. For a mechanically anisotropic body, the condition of constancy of the volume
in (2.27) is replaced by the much more powerful condition of a fixed configuration (the constancy of the
volume displacement tensor V) of the body, as if it were placed in a rigid container. We characterize the
local orientation of the body boundary with the unit vector of the outer normal n. The change of the body
mass can only result from the matter transfer through the boundaries, which can occur in any direction.
Therefore, the local directed change, N;, of the number of moles of the jth component may be identified
with the transfer vector —N; taken with the opposite sign (since the mass growth direction is always
reverse to the direction of the mass transfer to the body). The transfer vector is defined as the amount of
matter N; transferred in the direction —N;/N; through an elementary (unnecessarily unit) area perpendi-
cular to the direction of transfer. If such an area is oriented arbitrarily with its unit normal n, the matter
amount Nj,, transferred through it, is

Njn = —N;-n=N;cos¢p (2.29)

where ¢ is the angle between the transfer vector and the direction of a normal to the surface (the normal
flux transfers the maximum amount of matter through the surface, while the tangential flux transfers no
matter at all).

One more simple interpretation of the vector N; is possible. We above introduced the volume
displacement vector describing a displacement of one of the body boundaries at a fixed mass of the body
when any displacement is a strain. Let us now imagine the state of strain to be fixed while the condition of
the mass constancy is canceled. Then the same vector will describe the boundary movement due to the
mass change, and we may introduce the mass displacement vector of the jth component, N;, as the
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product of the concentration of the jth component ¢; and the volume displacement vector V:

The volume displacement vector just equals the transfer vector taken with the reverse sign, so that both
the definitions of N; coincide. However, the boundary is immobile in our process of transfer, and
Eq. (2.30) is simply the method of calculation of N;, such as if the boundary would move. One may
always imagine that the boundary first moves, containing a new portion of matter, and then returns to its
original position by means of deformation of the system at a given amount of matter. The second stage of
the process does not contribute to Eq. (2.30) which, thus, is also quite applicable to the case of transfer
with a fixed boundary.

Since the transfer of matter in the system with fixed boundaries under consideration, is determined by
the fields of two independent vectors —IA\I ; and n, it is possible to introduce the transfer tensor —I\A[ jand its
reversal, the mass displacement tensor N;. By analogy with Eq. (2.30), it is the simplest to define the mass
displacement tensor via the volume displacement tensor (2.9) as

N;=c;V. (2.31)
Designating the values of vector N; corresponding to the coordinate axes directions as Nj(), Nj), and
N3y, we write by analogy with (2.9)

Njay Njaz) Njas)
Ni=>"iNjg=| Njay Ny Njes) (2.32)
Nja1y Njaz) Njss)

As the three vectors are chosen arbitrarily, we may choose them in parallel with the coordinate axes, so
defining the mass displacement tensor as diagonal in a given (and symmetrical in any other) coordinate
system. Its diagonal term N (s = 1-3) determines the amount of the jth component added through the
boundary perpendicular to the s-direction. The trace of the tensor (2.32) yields the total change of the
number of moles of the jth species along all directions (cf. (2.11))

3
TrN; =) Ny = Nj(= AN)) (2.33)

(the form given in parenthesis refers to the case when N; is understood as not transferred but the whole
amount of component j in the system, the differentials of both the quantities coinciding). As for non-
diagonal terms, they refer to the displacement of matter along the boundaries and produce no increase of
matter in the system. We now can generalize Eq. (2.27) and define the chemical potential tensor of the jth
species, ,12]-, as

oF
M i(sr) = S, = 1-3 ) -
i(st) <8Nj(sl)> TV\Niy; ( |

where 1., are the components of the chemical potential tensor. The corresponding contribution to the
free energy differential from the jth species is

du” =1 dp* + 13 dpP —ado. (2.35)
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By using the definition of the mass displacement tensor, we simply formulate the algorithm of transfer
of matter from various sides to the system under consideration. This does not yet mean that the works of
transfer of a given amount of matter from different sides are different. The result depends on the behavior
of a given species in the system. If the species is mobile and moves freely over the whole volume of the
system, all positions of its particles are equivalent, and, therefore, the work of transfer can in no way
depend on the direction of transfer. Such situation is typical for fluids, but can be also realized in solids if
they contain mobile species (as, for instance, metal’s own electron gas or a foreign gas dissolved in a
metal) migrating inside the solid lattice. In such cases, the chemical potential tensor is isotropic
(Kjc1y = Mj2y = Wj3) = 1)), and, according to Eq. (2.26), we have

A

nj=HK; (2.36)

S O
S = O
—_ O O
Il
=
~
[

This permits returning to the simple definition, Eq. (2.27), although a mobile species can be subjected to
anisotropic stresses in some lattice cavities due to the action of the lattice field. As for an immobile
species forming the solid lattice, it is unable to penetrate into the lattice depth and only can throw out the
lattice outside. The transfer of an additional portion of matter in a rigid container inevitably leads to the
compression of the body present in the container, the work of compression being dependent on direction
for the body in the mechanically anisotropic state. Hence, the work of transfer itself and the
corresponding change of free energy depend on the direction of transfer, which just cause the tensorial
character of the chemical potential.

Possessing now a rigorous definition of the chemical potential tensor, Eq. (2.34), we can proceed to the
direct calculation of the chemical potential of an immobile species. Let us select an imaginary elementary
cube with its faces perpendicular to the coordinate axes (generally, not coinciding with the principal
directions of the stress tensor). Fig. 2 shows the section of the cube by the coordinate plane xy (x;x,) and
the direction of the mass displacement vector dN; of species j on the selected face 1 perpendicular to the
x-axis (other faces of the cube are assumed to be rigid walls). In the course of transfer, a new portion of
matter builds an addition to the lattice and simultaneously deforms all the contents of the cube. The
change of the free energy F of the cube in this complex process can be estimated as follows.

We divide the process into two stages. In the first stage, the solid lattice simply grows in the direction
pointed out (getting out of the cube, Fig. 2) with maintaining its mechanical state. With the transfer vector
—dN;j(1) (and the mass displacement vector dNj(;)), dNj;) moles of component j will attach to the cube

dN,r'c 1) y

E , dv v
| ;
b - .
clLI2 t

Fig. 2. Illustration of calculating chemical potential according to Eq. (2.34).

X
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face and occupy the volume
dVir = v;dN;a, (2.37)

where v; is the molar volume of the solid in its initial state. Herewith, the configuration of the new portion
of the lattice will turn to be skew if the transfer vector is not directed along the normal to the face selected.
In the second stage, we so deform the new portion of the lattice as to insert it within the initial cube
boundaries. We organize the deformation in two steps: we first rectify the skew configuration of the new
portion of the lattice (not yet inserting it in the cube) and then slide the whole portion (already as a
rectangular plate) inside the cube (Fig. 2). Pure shear (with no change of the volume dV;;) work of
rectifying the skew angle in the xy-plane is

dF12 = —E12 dV12 = —E12Uj de(l2)7 (238)

where E|, is the component of the shear stress along the y-axis. The shear work along the z-axis is
calculated similarly. Obviously, this type of contribution to free energy only exists provided the vector
dN;j(, deviates from the normal to the cube face.

It remains to estimate the change in free energy at inserting the already rectangular plate into the cube.
This change includes two contributions. The first corresponds to the compression of the matter, being
present before in the cube, in the x-direction to make room of the volume dV; for the new portion of
matter. The work done yields the first contribution to the free energy change. The second contribution
results from filling the volume dV;; with the immobile species in the form of the same lattice as in the rest
volume. Evidently, this contribution can be written as f dV;; if the lattice initially did not contain mobile
species. If, however, there are mobile species, f has a contribution from them and refers to the initial
content of the cube. The free energy density in the volume dV/;, where there are no mobile species, will
be smaller by the quantity . u;c; As a result, the free energy change in the unit cube will be

dFy = —E;dVvy + (f— Zﬂici>dvll = Uj(f_ Zﬂici —E11>de(11)- (2.39)

Summing up (2.38), (2.39) and their analogues for other faces, we now can write the expression for the
partial differential of free energy at a fixed system configuration and constant amounts of all other species
but species j, as

3
(dF)V,Ni#j = vlz [( f - Z /Lici> 8S[ - Ext
s,t=1 i

Dividing now the left-hand and right-hand sides of (2.40) by dNj,;, and using the definition expressed in
(2.34), we arrive at the expression for chemical potential

Hjsry = Vj K f—= Z M;Ci> 8t — Est] (2.41)

dN - (2.40)
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or, in a tensorial form,

ﬁj:vj<f—ZMici>f—vjE, (242)
i

where 1 is the unit tensor shown in (2.36).

Since the unit tensor is maintained in any coordinates, it follows from (2.42) that the chemical
potential tensor becomes diagonal in the same coordinate system that diagonalizes the stress tensor. For
the principal directions, Eq. (2.41) takes the form

it =V ( f—E=) mcz) (k=1-3). (2.43)

It is easy to see that (2.43) is the same as (2.25). Hence, we have proved that the left-hand side of Gibbs’
Eq. (2.24) may be really understood as the principal values of the chemical potential tensor of an
immobile species of a solid. The values of the chemical potential in all directions can be calculated from
the principal values of the chemical potential. By the scalar multiplication of /i ; by the unit normal vector
n at an arbitrary section of a solid (the surface of the solid is a particular and most important practical case
of such a section), we obtain the chemical potential vector at the section (cf. (2.3)):

Wiy =0 [ (2.44)

This vector points out the direction in which the chemical potential possesses its maximum value and
allows the determination of the chemical potential values in all other directions. Sooth to say, for the
interior of the solid lattice, these values are of interest only in the pure scientific respect and of no
practical value since an immobile species is capable to migration in no direction. If, however, one
addresses to the solid surface, the movement of the immobile species along the surface is also impossible,
whereas the recession of matter from the surface (at evaporation, dissolution, etc.) is quite real. Thus, the
normal component of the chemical potential vector

Hojon) = 1 Bjn) (245)

is of the most practical significance. In the isotropic case, putting (2.36) reduces Eq. (2.44) to the form
Wiy = iy D) =pm, e = 1,

from where the chemical potential vector is seen to be same by its module in all directions.

To summarize the said above about chemical potential, we now can answer all the questions put above
concerning the relation between the anisotropy of stress and that of chemical potential. Generally,
chemical potential is a tensorial quantity. To speak about a mobile species, the tensor of its chemical
potential is always isotropic irrespective of the presence or absence of the stress (pressure) anisotropy. As
for the case of an immobile species, the symmetry of the tensor of its chemical potential always
reproduces the stress tensor symmetry, and, together with the stress tensor, the chemical potential tensor
can be both isotropic and anisotropic. On the other side, as is seen from (2.43), the fulfillment of the
mechanical equilibrium condition (2.18) for the stress tensor (dE;/dx; = 0 in the absence of fields) does
not secure the uniformity of the principal values of chemical potential, as it happens with mobile species
at equilibrium.
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The chemical potential tensor is defined similarly for particles of any nature, including ions whose
chemical potential (usually called electrochemical potential) contains the electric potential. This means
that, in principle, the chemical potential anisotropy in an electrochemical system can be verified by
measuring the anisotropy of the electric potential. This idea was realized by Durham and Schmalzried
[32]. To explain the scheme of their experiment, let us return to Fig. 1 and imagine a solid depicted to be a
metal and an adjacent liquid to be replaced (from all the sides) by a solid electrolyte. The metal ions form
a lattice and are immobile inside the metal, but, passing to the solid electrolyte, become mobile and
capable of free moving. Their saturation concentration is very small, so that only a negligible part matter
passes from the metal to the solid electrolyte. Similarly to a liquid, the solid electrolyte is capable of
transmitting pressure, but, in contrast with a liquid, the solid electrolyte has its own lattice that secures
mobile ions from a large pressure. If one assumes that stresses applied do not act on the mobile metal ions
at all, the difference of the ion electrochemical potentials in the solid electrolyte at different stresses will
be determined only by the electric potential difference, which is directly measurable. In this way the
anisotropy of the electric potential was registered. Thus, one can say that the tensorial nature of chemical
potential has been verified by experiment.

2.3. Fundamental thermodynamic equations

After deriving the mechanical and chemical terms, Egs. (2.13) and (2.35), we now can compose the
fundamental equation for free energy as

dF = =SdT + E: dV+ f; : dN; + )y dN;, (2.46)

where § is entropy and T is temperature, superscripts j and i refer to immobile and mobile species,
respectively (the entropic term appears in the standard form according to the Gibbs equilibrium
principle). For the sake of simplicity, we assume a single immobile species to form the solid lattice.
This, however, is not a great loss in generality since any combination of solid species of a strictly fixed
composition (often called a material) can be thermodynamically considered as a unique immobile
species. Eq. (2.46) describes the thermochemical, thermomechanical, and mechanochemical effects in
solids. We begin the discussion with the first term on the right-hand side of Eq. (2.46).

2.3.1. The thermal term: is temperature also a tensor?

We have written the thermal term in its traditional form in Eq. (2.46). However, after we have
converted the material term to a tensorial form, the question arises: should the thermal term also been
written in a tensorial form? That was Stuke [21] who first declared temperature to be a tensor. Indeed, if
we remember that the entropy fluxes are vectors and that several fluxes can attack a system simulta-
neously, why not to introduce a tensorial temperature like we did with the chemical potential of an
immobile species when considering the matter flux vectors? However, we spoke just about an immobile
species. Once a species becomes mobile, its chemical potential acquires isotropy even in the case when
the anisotropy of stresses is maintained. The surface layer of a liquid can be an example: the normal and
transverse pressures are different in the surface layer (because of what surface tension arises), whereas
the chemical potentials of species are isotropic. All-pervading heat can scarcely remind an immobile
species and can rather be compared with a mobile species. The analogy between heat and a mobile
species becomes absolute if one turns to the phonon theory of dielectrics whose thermal properties are
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determined by the behavior of a gas of quasi-particles, phonons. Phonons move freely over the whole
volume of a system, and, no doubt, they form a mobile component. Then considering the temperature as a
kind of chemical potential of the phonons, we can conclude that it should be isotropic. When passing
from dielectrics to metals, electrons (to be more exact, their part forming the electron gas) join phonons in
the process of heat conduction, but the electrons are also typical mobile species. Thus the arguments
related to the nature of heat draw us to the following conclusion: even if temperature is really a tensor, it
should be a spherical tensor. Then, similarly, to the last chemical term in Eq. (2.46), the thermal term may
also be written in a scalar form.

2.3.2. Generalized Gibbs—Duhem equation

Following the standard procedure, we first have to deduce an integral expression for free energy. Let us
choose a direction r in space (with one of the axes of Cartesian coordinates along the direction) and move
the body boundary in this direction simultaneously with adding matter only along this direction at a fixed
physical state. For such process, Eq. (2.46) takes the form

dF = Ep AV + 2 jior) ANy + Y AN, (2.47)

where all the rest components of the volume and mass displacement tensors are zero. The integration of
Eq. (2.47) yields

F=E,V+ ujonNi+ Y wN:. (2.48)
i

Since the free energy value should be independent of the choice of the integration direction, it follows
from (2.48) that the sum E,,.V + u;,-»N; is an invariant with respect to direction.
By differentiating Eq. (2.48), we have

dF = E,ndV + VdE,, + i) AN + Njdpj) + AN + > Nidp, (2.49)

Accounting for that the perfect differentials of volume and the number of moles are composed of their
directed variations (see Egs. (2.89), (2.90), and (2.33)), we can rearrange Eq. (2.49) as
3 3
dF = E,Y Vdey+ VAE, + > dNj + Nidujn + > i dNi+ > Nidy, (2.50)
=1 =1 i i

Equating now the right-hand sides of (2.46) and (2.50) and taking into account (2.14) and (2.35), we
obtain

3
> (Ein — 8inEn)V dey, — V dE,

I m=1
3
=8dT — Z(:uj(xt) = 85t M jrr) )AN j(sr) + N dpt jrpy + ZNi dp; (2.51)

s,t=1

where the Kronecker symbol §,,, represents the components of the unit tensor i. If the amount of the
immobile species does not change from any side (dNj,; = 0) and only a change occurs in the mechanical
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state, Eq. (2.51) takes the form

3
> (Em — 8mEn)V e — VdE, = SAT + Njduji) + Y Nidu, (2.52)

Im=1

where, as in (2.51), the summation is actually carried out with respect to five and not six components of
the strain tensor since the coefficient of de,, is zero (the fundamental Eq. (2.52) has been formed in such
manner that the independent variable e,, has been replaced by the independent variable E,,). Dividing
Eq. (2.52) by the volume of the system V, we obtain

3
Z (Elm - almErr)delm —dE,, = 5,dT + Cj de(rr) =+ Z Ci d:ui (2.53)
i

Im=1
(s, is the bulk density of entropy) or, using the tensorial notation,

(E—1E,) : dé — dE,, = 5,dT + c;dp ) + Z cidu,. (2.54)

When passing to an isotropic fluid system, the conditions are fulfilled E= Er,f = — pf (.e. Ey, = —pdim
where p is hydrostatic pressure), N;=0, and Eq. (2.52) changes to the well-known Gibbs—Duhem
equation

Vdp=SdT+ ) N:du. (2.55)

Thus, the fundamental Eq. (2.52) is a generalization of the Gibbs—Duhem equation for mechanically
anisotropic states. If a solid is isotropic, Eq. (2.52) is again reduced to classical Eq. (2.55), but with
immobile species included in the summation.

2.3.3. Directed partial quantities, a new class of thermodynamic variables

As is known, free energy is a thermodynamic potential at constant strain tensor, i.e. at a constant
volume to speak about isotropic systems. Isothermal—isobaric conditions are more practical, and that is
why free energy is often replaced by Gibbs energy G = F + pV. However, the definition of Gibbs energy
becomes not unique for mechanically anisotropic states since pressure (as well as stress) is different along
different directions. The quantity —E,, plays the role of pressure in the r-direction, and we may define
Gibbs energy G in an anisotropic system as

G, =F —E,V (2.56)

to relate it, in this manner, to the direction choice (this is marked by the subscript at G). It can be
emphasized that, herewith, Gibbs energy does not become a directed quantity and remains, like any
energy, a typical scalar.

By differentiating Eq. (2.56) with putting (2.47) and accounting for (2.14) and (2.35), we arrive at the
differential fundamental equation for the Gibbs energy of a uniform anisotropic system

3 3
dG, = ~SAT +V Y (Ewn — SmEp)denm — VAE, + Yt ANy + Y i dN; (2.57)

l,m:l sﬁ[:]
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or, in tensorial notation,

4G, = —SdT + V(E — 1E,,) : dé — VAE,, + i; : dN; + > j;dN;. (2.58)

By integrating Eq. (2.57) along the r-direction at constant E,,, we obtain the integral expression for
Gibbs energy

Gy = tjimNj + Y mibi (2.59)
i

Correspondingly, for Gibbs molar energy, we have

8r = MjimXj + ) Hixiy (2.60)

where x is the mole fraction. After the differentiation of (2.59) and comparison with (2.57), we again
arrive, as expected, at Eq. (2.51) from where Egs. (2.53) and (2.54) follow whose form does not depend
on the choice of a thermodynamic potential.

Eq. (2.59) shows that the Gibbs energy for a direction chosen is composed of chemical potentials. This
usually leads in thermodynamics to the representation of the chemical potential as a partial molar Gibbs
energy, and we see, in our particular case, that ., is a partial molar quantity of G,. Indeed, from
Eq. (2.57) we obtain

G
i) = (aNj(: ; : (2.61)

from where it follows that the normal component of the chemical potential tensor of an immobile species
in the r-direction is the increment of the Gibbs energy corresponding to this direction, at adding 1 mole of
the immobile species in the same direction to an infinitely large system. The addition is carried out at a
constant temperature and stress in the direction chosen, let alone that the variation of the mass of species
and of the system dimensions on all sides is forbidden. Changing G, for an arbitrary extensive quantity,
the derivative in Eq. (2.61) provides the general definition of a partial molar quantity for a given direction.
Since the matter transfer is always directed, such extension of the notion of a partial molar quantity in
thermodynamics is natural and turns to be useful for quantities depending on direction. At the same time,
the application of this definition to quantities independent of direction, leads to ordinary partial molar
quantities (volume, entropy, the chemical potentials of mobile species, etc.).

For the sake of illustration, let us consider entropy S as a function of the independent variables
indicated in Eq. (2.57) and write the exact differential of entropy in the form

> T.eim Frr 7EN'7N/'(xt #rr) Ni

S .88 aS 3. 88 S
dS = —dT + 2 dey, +—dE,, + > —— dNyp + > —dN;. (2.62)
aT L; 3¢ JE,, Z] Ny Z N,

(Im#rr)
Here the r-direction is the only direction along which the variation of the geometrical dimensions of a
system is possible. In this sense, the r-direction can be named a free direction, while the others can be
named restricted directions. Nevertheless, the addition of matter is possible from all sides, but the matter
is not compressed when adding in the free direction and is compressed by necessity when adding in
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restricted directions (to return the system to the original size in each restricted direction). In a
mechanically anisotropic system, compression in different directions leads to different states, including
also a difference in entropy, so that the value of the derivative 9S/0Nj, depends on the choice of a
restricted direction. Let us now see whether or not the choice a free direction influences the value of the
derivative 3S/0Njy.

In accordance with the terminology accepted in thermodynamics, we denominate as “‘open” the
directions along which the matter exchange is possible and as ‘““‘closed” the directions along which the
matter exchange is forbidden. Let the matter transfer be possible only along the open direction r and all
other directions be closed. For this case, we write Eq. (2.62) as

as 3. 08 as _ _
dS = ——dT + > @delm + EErdE,, + 5j(mdN i) + Z 5;dN;, (2.63)

where 5., and §; are the partial molar entropies of the immobile (in the r-direction) species and of
mobile species, respectively, defined, according to (2.61), as

A
Sjtrr) = ( N ) ; (2.64)
j(rr) T-,elm#rraErr -,Nj(xt# rr) ,Ni
aS )
5= (2.65)
<8Ni T eim £ rrsErrsN j(st) Nie £ i

(the subscript k, as well as the subscript i, refers to mobile species). We apply Eq. (2.63) to a
parallelepiped slice of infinitesimal thickness in the r-direction and integrate Eq. (2.63) along the r-
direction at a given physical state (at constant 7, e;,4,» E, 5j(r), and §;). The result of integration

S =35imN;+ > _ SN (2.66)
shows that 5, and §; are really partial molar quantities. Formally, §,, is a partial molar quantity in the
r-direction, but, since the result (the quantity S) must be independent of direction, the quantity ;)
should be the same for all directions. Thus, in contrast with the derivatives of entropy for restricted
directions in Eq. (2.62), the derivative shown in Eq. (2.64) for a free and open direction does not depend
on the direction choice. Therefore, we may now omit the additional subscript (rr) by setting §;(,,) = §;.

The same can be said about the partial molar volume

5= 1%
Jj(rr) = 8Nj(rr)

However, it should be added here that the specificity of an immobile species (which forms the solid lattice
containing mobile species inside) makes the partial molar volume of an immobile species practically
undistinguishable from its molar volume. Thus, we may set 0, = v;.

) . (2.67)
T.Vim # rErr 7Nj(xt #rr) Ni

2.3.4. Thermomechanical relationships
If the amount of an immobile species is fixed (the system being closed all round for this species,
so that dV; = 0) and numbers 1 mole, Eq. (2.46) for free energy and Eq. (2.57) for Gibbs energy
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can be written as

3
dfj=—s;dT +v; Y Emdem + Y p;dNy, (2.68)
IL,m=1 i
3
dgr(J) = —; dT + Vj Z (Elm - (SlmErr)delm —Vj dE,, + Z Mi le(])? (2.69)
Im=1 i

where f; = F/N;, g.; = G,/N;, s; = SIN;, and N;(;, = N/N; are free energy, Gibbs energy G,, entropy, and
the number of moles of the ith mobile species per 1 mole of the immobile species, respectively. By the
cross differentiation in (2.68), we obtain the relationship

os i oF
<i> = —v; (ﬂ> = — Vil (2.70)
aelm T,ES,#]mJ\A]j,Ni aT ﬁ,N',Ni

J

where, at fixing quantities, dummy indices run all possible values (the restrictions, if any, are pointed out:
for example, the condition of constancy ey,.;,, means that s and 7 run all possible values except / and m,
respectively, i.e. all the components of the strain tensor are fixed except e;,,,; the constancy of the tensor
itself is indicated if all its components are fixed simultaneously). In Eq. (2.70), 7, is the thermal stress
coefficient showing what an additional stress, in a direction chosen, arises in a closed system of a fixed
configuration (therefore, v; acts as a constant here) when changing the temperature by one degree. The
value of the coefficient is determined by the equation of state of a system. The set of the coefficients n,,, (/,
m = 1-3) makes the tensor of thermal stress coefficients, 7, that may be defined as the temperature
derivative of the stress tensor:

oE
= — . 2.71
1 <8T) é.N;.N; ( )

JtVi

The tensor of thermal strain coefficients 6 (an analogue of the thermal dilatation coefficient for isotropic
systems) is defined as

N 0é
6= <—e) . (2.72)
) g5,

Both the tensors, 7 and é, serve as main characteristics of the thermomechanical effect.
From Eq. (2.69) the cross relationships follow

8elm Tvest% lmvErrvAA/iji aT Cst + rrvErthj 3Ni

st#rr

s a;
< Sf) - <ﬂ> , (2.74)
8Err Tvelm# rr 7Nj Ni aT Clm+#rr Err 7Nj Ni




A.I Rusanov/Surface Science Reports 58 (2005) 111-239 133

(8[vj(Ezm - 8szrr)]> _ <&> (2.75)
oE,, Ty 2 1esN,N; dem T,est#lm,ErrNj,Ni

st#rr

Introducing the thermal coefficient of linear dilatation in the r-direction (all other directions are
blockaded by the conditions of fixation of the strain tensor components):

1 [0v;
6, = — (ﬂ> . (2.76)
Uj o e/nz%;‘raErr7N/7Ni

the thermal stress coefficient under the condition that the normal stress in the r-direction is kept constant

. aElm
Nim(rr) = oT €_g[%rr7EVV7Nj’Ni’

and the isothermal compressibility in the r-direction

1 /v,
Xrr = — < vj) : (2.78)
Vj IEy T.em+ NN

we rewrite Egs. (2.73)—(2.75) in the form

(2.77)

0s;
(8—j> = _errvj(Elm - ‘SlmErr) = Vilim(rr)> (2.79)
Cim T7est7élm7E’rij»Ni
st#rr
8 .
( s,,) — 06, (2.80)
aErr T.em #rr 7Nj N
JoEy, 1 /dv;
( : ) = 8im — — < vj) _er(Elm - (SlmErr)- (281)
OE, T st 2N jNi vj deim T7€S,‘¢1m7ErrJ<’_/,Ni
sr#£rr

In accordance with (2.11), only the normal components of the strain tensor contribute to the volume
change. Therefore, only a small (because of small compressibility) term — x,,.E},, remains for the shear
components of the stress tensor Ej, (I # m) on the right-hand side of Eq. (2.81). For the normal
component Ej; (Il # rr), with the account for the fixation of the strain tensor component in the third
direction, we have

i(%) _Menten) (2.82)
Uj aelm Tﬂest ;é Im 7Err7NjaNi 8611

st#rr
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where «,; is two-dimensional Poisson’s ratio in the r/-plane. In this case, Eq. (2.81) changes to the form

oEy

<8E > = Krl — er(Ell - Err)- (283)
"/ Tesr,Nj,Ni

For an incompressible medium («,; = 1, x,, = 0), Eq. (2.83) yields equal variations of the acting stress and

the transverse stress at a one-sided compression (the result is known in the theory of elasticity when using

ordinary Poisson’s ratio). The same result directly follows from Eq. (2.81) at a constant v.

2.3.5. Expressions for chemical potentials
In the absence of mobile species, Eq. (2.52) yields the differential of the chemical potential of an
immobile species in a given direction

3
ditjiry = =8;dT +v; | > (Eim — SmErr)dey, — dE, |, (2.84)

I,m=1

where s; and v; are the molar entropy and volume of the immobile species, respectively. The chemical
potentials of mobile species are controllable, and, if they are fixed, Eq. (2.52) again changes to (2.84). In
this case, however, s; and v; should be called not the molar entropy and volume of an immobile species,
but the entropy and volume of a system per 1 mole of the immobile species (as in Egs. (2.68) and (2.69)).
Herewith, the quantity v; maintains its meaning as the molar volume of an immobile species if mobile
species do not outstep the boundary of a lattice formed by the immobile species. Eq. (2.84) is evident to
be valid not only in the absence of mobile species, but also when the chemical potentials of mobile
species are kept constant. It is more typical for practice, however, that not chemical potentials but the
amounts of mobile species are constant (say, in a single piece of a solid). So we have to find expressions
for the chemical potentials of both immobile and mobile species under such conditions. General
expressions for chemical potentials can be derived from fundamental equations.
Turning first to Eq. (2.46), we rewrite it in the form

3 3
dF = =SdT + VY " Epdem + Y i dNjio + Y iy dN;. (2.85)

Im=1 s,t=1 i

If the amount of an immobile species is fixed on all sides (d]\7 ; = 0), the variables 7, e, and N; remain in
Eq. (2.85). Writing the perfect differentials of w;,, and w; in this variables and using the cross
relationships following from Eq. (2.85), we arrive at the expressions

d 0 4+ 23: %Ein /g +y Mi_ gy, (2.86)
I’L i(st) — — €lm i .
0 0Ny e N 0N 1

as 3. 9Ep, AL
dp; = — 24T vd i an,. 2.87
Hi= =g +I; N ezm+2ijaNi , (2.87)

All the derivatives in Eqs. (2.86) and (2.87) are taken under the conditions shown in Eq. (2.34).
Due to the constancy of the volume, Eq. (2.87) for the chemical potential of a mobile species can be
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written as

as, oE,, o,
du, = ——dT + dey, —dg;, 2.88
G+ 3 e+ e 28

where s, =S/V is the entropy density and ¢; = N;/V is the concentration of the ith mobile species.

It is implied in the derivative 0E;,/dNj;, that the lattice of an immobile species is built up under the
condition of the volume constancy, i.e. under compression. The relation of this derivative to the elastic
properties of the lattice is [5]

aE;m Uj E)Elm vj
aNj(st) % 3€sz v Imst, ( )

where Ay, 18 a corresponding elasticity modulus. Putting Eq. (2.89) in Eq. (2.86) yields

ou;
dﬂj(st) == —Uj z Amsr e, + Z : dN (2.90)

It is of note that the derivatives of entropy in Eqgs. (2.88) and (2.90) are not partial molar quantities.
Indeed, these derivatives are taken at the constancy of the temperature and of the strain tensor of a system
(i.e. at the invariability of the whole boundary of the system). Under such conditions, the injection of an
additional amount of the immobile species to the lattice along a certain direction, means the lattice
compression and a change in the mechanical state (stress) of the lattice even in this direction, let alone the
others.

More convenient expressions can be obtained from Eq. (2.57) for Gibbs energy in the r-direction
where, comparably with Eq. (2.85), the independent variable e,, has been replaced by E,,. Considering
the chemical potentials as functions of temperature 7, the components ¢,,,,, except e,,, of the strain tensor,
and the amounts (the mole numbers) of mobile components N; (at dN ;=0) and using the cross
relationships following from Eq. (2.57), the differentials of chemical potentials ) and p; are given, in
this case, by the expressions

3s B[V (Ep — SimEn)] v A,
Aty = — ar + dey, — ——dE,, + 4N, (2.91)
T N e AN j(sr) "N ) Zazv jist)
lhl;érr
Em 8m r 0 i

dp; = — dT+ Z tm O )]de,m— E,r+z “dN (2.92)

1, 1

lmmyérr

The volume V in these expressions is not constant any longer and is subjected to differentiation. By
contrast, the stress E,, is considered as a constant, so that the term §,,,E,, disappears at differentiation. As
aresult, Egs. (2.91) and (2.92) take the form (for mobile species, the derivatives of entropy and volume
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may at once be replaced by partial molar quantities):

as 3 [ v OE ] v
digji) = — dr + Epm — imEr) +V deyy, — ——dE,,
s N j(s1) 1;1 N jsr) ( ) N j(s1) N jsr)
Im#rr
+ 3 Mgy, (2.93)
Njwy '
i} T IEim _
dp; = =5 dT + > | 0:(Eim — SmEp) + V—>" N | dem — 01 dEy. (2.94)
Im=1 t
Im#rr

Eq. (2.93) can be further transformed by detailing the derivatives dV/0Nj., and 0Ej,/0N;,, with
accounting for that the r-direction is free. For the first of these derivatives, there is the relationship [5]

1%
= (Ssthrvﬁ (295)
N j(sn)
where k,, = —de,,/de, is two-dimensional Poisson’s ratio in the sr-plane. As for the derivative 0E,,/

0N/, we may again use Eq. (2.89) with the specification that the modulus A, is now of another
meaning (we mark it with a prime). Indeed, since the r-direction is free, the addition of matter along
another (always restricted) direction will mean not only compression of matter in this direction, but also
dilatation in the r-direction in the accordance with Poisson’s ratio. If, however, the matter is introduced
along the free direction, the intensive parameters of a system do not change at all and the derivative 0Ej,,/
ONjs) becomes zero. Accounting for the said above, we write Eq. (2.93) at st # rr as

aS
N J(st)

o
—dT +v; Z Sstksr(Etm — SimErr) — )“?mst]delm = Suyrv; AEyr + Z oN; j(st) an
I,m=1 . i

lm;érr

Ao =

(2.96)

The simplest expression for the chemical potential of an immobile component results at st = rr. Then,
according to the definition of partial molar quantities, the derivatives of entropy and volume are replaced
by their partial molar values for the immobile component (herewith, the partial molar volume may be

replaced by the molar volume, as it was said above), whereas 1), becomes zero. As a result, we have

9
dit i) = —5;dT + v, Z Epn — 8mEy)dem — v dE,,—i—Z R an;. (2.97)

Lm=1 N jirr)
Im #rr

By comparing Eq. (2.97) at fixed amounts of mobile species (V; = 0) with Eq. (2.84), we notice that the
only difference is the replacement of molar entropy by partial molar entropy. The conditions of
applicability of Eq. (2.97) are of practical significance since the transfer of matter more often than
not occurs along the free direction (other conditions can take place, for example, in the presence of rigid
semipermeable walls).
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2.4. Affinity tensor. Mechanochemistry of solids

The concept of (chemical) affinity was introduced in thermodynamics by De Donder in 1920s and
became widely known after “Chemical Thermodynamics™ by Prigogine and Defay formulated using
Gibbs’ and De Donder’s methods (see, e.g. [33]). Affinity was primarily referred to chemical reactions,
but can be understood more generally and also applied to physical processes. For every physicochemical
process (or every process stage), there are an initial state and a final state, which can differ not only in
time, but also in space. We represent the equation of a physicochemical process in the general form

Z VB, = Z /B, (2.98)

where B; and v; are the chemical symbol and the stoichiometrical coefficient of the ith species in a system,
respectively, the single prime refers to the initial state and the double prime to the final state (in particular,
primes are necessary for distinguishing between states of a given substance in different points of space).
The summation in Eq. (2.98) is carried out formally over all species, although some of the stoichiome-
trical coefficients can be zero. For example, the stoichiometrical coefficients of reaction products are
equal to zero on the left-hand side of Eq. (2.98) and the stoichiometrical coefficients of initial species are
equal to zero on the right-hand side of Eq. (2.98) in the case of a chemical reaction without transport
(when there are no spatial distinctions). For transport processes without chemical reactions (diffusion,
evaporation, dissolution, etc.), the stoichiometrical coefficients of a given substance on the left-hand and
right-hand sides of Eq. (2.98) are not zeros, but coincide and are eliminated when Eq. (2.98) is written for
each substance separately

B.=B/. (2.99)
For the process described by Eq. (2.98), affinity A is defined as
A= Z Vi) — v, (2.100)

where p; is the chemical potential of the ith species. If the affinity expressed in (2.100) is positive, the
process described by Eq. (2.98) is realized and the process rate is proportional to A. If, however, the affinity
expressed in (2.100) is negative, the reverse process will take place. The primes in Eq. (2.100) may be
omitted for a chemical reaction without transport, which changes Eq. (2.100) to the traditional form

A= Zwi, (2.101)

where, as usual, the stoichiometrical coefficients are taken with the “‘plus’ sign for initial substances and
with the “minus’ sign for reaction products. In the opposite case when chemical reactions are absent, and
there are only transport processes, Eq. (2.100) is written separately for each substance with introducing
individual affinities A;:

A=l — (2.102)

which corresponds to the transport process Eq. (2.99).
The above expressions imply the affinity to be isotropic, which corresponds to fluid systems.
However, chemical reactions and transport processes occur in solids too. Accounting for the tensorial
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nature of chemical potential, we have to redefine, in accordance with (2.100), affinity as a tensor

[4]:
A= (g — viay) szkub (2.103)

k

where A symbolizes a difference between quantities marked with a single and double primes. Since both
immobile (j) and mobile (i) species can participate simultaneously in a process, and the chemical
potential tensor of a mobile species is of spherical symmetry, we may rewrite Eq. (2.103) as

A=A v+ TAD o (2.104)
j i
or, for the components of the chemical affinity tensor,

AS,EAZUJ'/,LJ'(H) + SS,AZV,-m. (2.105)
j i

To bring into the picture the influence of temperature and mechanical state on the components of
chemical affinity (at given amounts of all substances in the initial and final states of a physicochemical
process), one should write Eq. (2.105) in a differential form

dAy = A vjdu i + 840 vidp, (2.106)
j i

and apply any of the above expressions for the chemical potentials of immobile and mobile species,
Egs. (2.88), (2.90) or (2.94), (2.97). If the transport of matter proceeds in the r-direction, the most
important for practice turns to be the expression

dA, = A vidp,) + A vidp,. (2.107)
J i

Substituting first Egs. (2.88) and (2.90), and then Egs. (2.94) and (2.97) in Eq. (2.107), we obtain two
expressions for the chemical affinity differential with different sets of variables:

3
(d-Arr =-A Z Vj ( dT + vj Z Almrr delm) —-A Z: Vi (gicl: dT — lggl a;;%delm> 5

N jirr) Lm=1 !
(2.108)
(dAy)g = —A Z v;5;dT — A Z V5 dT + A Z Vv, [Z Ein — 8inE,,) deyy, — dE,,
I,m=1
a Im —

A i 1Em 8m rr d m — idErr .
+ Zv{lmzl[v Ji I ) 8N:| e v }

(2.109)

For processes developing without the movement of matter in space (chemical reactions, polymorphous
transitions, etc.), the initial and final states are usually compared at same temperature. Then the perfect
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differential of chemical affinity, Eq. (2.108), can be written in a more compact form as

(dArr =-A (Z Vj—— i, —|— Z Vi )dT Z A [(Z VU A — Z Vi 8Elm> delm] )

1m=1

(2.110)

If not only temperature, but also stress E,, is equal for the initial and final states, the representation of the
perfect differential of chemical affinity (2.109) is simplified:

OE ),
(dAw)g y, = —ASdT — AVdE,, + ZA{ V(Em — SimErr +VZv, l]delm}. 2.111)

Lm

Here S and V are the entropy and volume of the stoichiometric mixture of substances:

SE E Uj.S_'j+ E V;iSi, (2112)
J i

V= E Viv; + E V;v;, (2.113)
j i

so that —AS and —AV are the entropy and volume effects of a physicochemical process under
consideration, respectively.

The value of chemical affinity determines the rate of a physicochemical process, while the sign of
chemical affinity determines the direction of the process (“‘plus’ corresponds to the direct, a “minus’ to
the reverse process). When affinity is zero, process ceases and the equilibrium occurs between the
substances in the initial and final states. Generally, chemical affinity and the rate of a physicochemical
process are related by a coefficient whose value depends on the temperature and mechanical state of a
system. Therefore, one cannot ensure that, in the course of the process, the constancy of chemical affinity
means the stationarity of the process. This is true only in the case of equilibrium since the process rate will
be always zero if the chemical affinity stays equal to zero. For this reason, equations for stationary affinity
(which are valid at any its value) turn to be the most important in practice for the states of equilibrium and
are chiefly used for studying just equilibrium states.

At given amounts of substances in the initial and final states of a physicochemical process, the
differential equation of the stationarity of chemical affinity can be obtained from Eqs. (2.110) and (2.111)
by setting dA,, = 0:

(s

Z )dT = Z A [(Z VIV A — D Vi 85%) delm] : (2.114)
j i d

Elm Slm rr + VZ

lm=

ASdT = —AVdE,, + Z A{

delm}. (2.115)

Eq. (2.114) gives temperature as a function of the components of the strain tensor in the initial and final
states of a process. Eq. (2.115) gives temperature as a function of the normal component of the stress
tensor in the r-direction and the complementary components of the strain tensor for the initial and final
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states. If a process is carried out, as it often occurs, at a constant stress, all the components of the strain
tensor can be expressed through (common for the initial and final states) six components of the stress
tensor. Using these variables, the dimensionality of the state diagram is 7, and the temperature of
stationary affinity makes a six-dimensional hypersurface in a seven-dimensional space. It is of note that
the second term on the right-hand side of Eq. (2.115) reflects the specificity of the mechanical anisotropy
of a system. This term disappears at passing to a mechanically isotropic state (we remind that the
derivative standing there is taken at constant E,, and, therefore, becomes zero at E,, = E,,).

The above relationships are of general character and applicable to any processes in time and space. To
understand them better, we below consider polymorphous transitions as a representative example in
which both directed and not directed processes act and the role of mechanical anisotropy is pronounced.

2.5. Polymorphous transformations

The gist of polymorphism is that, depending on external conditions (thermal and mechanical action,
external fields, etc.), spatial structures of various types can arise in a system of a given chemical
composition. In other words, the lattice formed by an immobile species can change its type (symmetry)
depending on external conditions. The concept of a lattice is applicable not only to crystals, but also to
amorphous solids (in the latter case, the lattice is characterized by a random locations of the lattice sites in
space). Therefore, the amorphization of solids can also be classified conditionally as a polymorphous
transformation. From the thermodynamic standpoint, polymorphous transformations are phase transi-
tions of the first or second order. Let us consider both the cases separately. For the sake of simplicity, a
system is implied to contain only a single immobile species, mobile species being absent.

2.5.1. First-order phase transitions

If phase a transforms to phase 3 through the mechanism of a first-order phase transition, the phases
contact each other and have a common interface. The r-direction of the matter transfer from phase a to
phase 3 can be then defined as the direction of the external, with respect to phase «, normal to the
interface. Correspondingly, the transition will be governed by the chemical affinity

— B
A= Mty = ) (2.116)

where u‘]{‘(rr) and M?(rr) are the components in the r-direction of the chemical potential tensor for the only
immobile component in phases a and 3, respectively. At the phase equilibrium, we have

_ a« _ B

A =0, ity = K (2.117)

The range of the state parameters where the maintenance of the phase equilibrium is possible is

determined, depending on the choice of variables, by Egs. (2.114) and (2.115) which, in this case (v; = 1,
v;=0, §=s;, V=r;), are of the form

3s e
4T = > AWk deg), (2.118)

J(rr) l.m=1

A
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3
As;dT = —Av;dE, + > A[vj(Eim — SmEn)den), (2.119)

Im=1

where A now symbolizes the difference in a quantity for phases o and . In particular, As; and Av; are the
molar entropy and molar volume effects for the reverse phase transition § — o

C_sP A=t =P (2.120)

Asj:sj ; ] 7

(molar and partial molar quantities coincide for one-component phases). Eq. (2.118) is convenient when
polymorphous modifications are compared at the same state of strain. If, however, the comparison of
polymorphous modifications is made at given stresses, Eq. (2.119) turns to be more convenient. At the
equilibrium state diagram, both the equations specify a hypersurface separating the regions of existence
of phases a and 3 (the coexistence of the two phases is possible on the hypersurface itself).

Eq. (2.119) can be obtained directly from Gibbs’ equilibrium condition, Eq. (2.25), for a stressed solid
driven in contact with a liquid along a certain direction [29]. At an isotropic strain due to hydrostatic
pressure p (Ej, = §iE, = —61mp), Eq. (2.119) is reduced to the known Clapeyron—Clausius equation

dT Avj

dp A, (2.121)
The equation of the same simple form is obtained from (2.119) in the case of one-sided compression (in
the theory of elasticity, this term designates longitudinal compression of a column under the condition
that its transverse dimensions cannot change):

oT Avj
= ——. 2.122
(E)E,r) ASj ( )
Clm#rr

As it was correctly noted in Ref. [29], the same equation is also obtained for any small strain if the initial
state of a solid is isotropic, i.e. E,, = §;,E, (Kumazava has derived a similar equation for the one-sided
compression of a specimen under the condition of uniform hydrostatic pressure [34,35]). As for
Eq. (2.122), it is not related to the vicinity of an isotropic state.

It is seen from comparison of (2.121) and (2.122) that the dependence of the temperature of
polymorphous transformation on stress is the same for all-sided and one-sided compression. The sign
of the entropy effect As; is the same for all substances since the molar entropy of the high temperature
phase is always larger than the molar entropy of the low temperature phase. However, the sign of the
volume effect Av; can be any. Most typically, the molar volume of the high temperature phase is also
larger than the molar volume of the low temperature phase. Then the signs of the volume and entropy
effects of the phase transformation coincide, and the temperature of polymorphous transformation
decreases with increasing stress, as is shown in Fig. 3 (the character of the dependence will be opposite
when stress is replaced by pressure). However, there exist also abnormal cases of polymorphous
transformations (we can point out red and yellow modifications of PbO or monoclinic and tetragonal
forms of ZrO, as an example) when the high temperature phase turns to be denser than the low
temperature phase, so that the derivative d7/dE,, becomes positive (and the pressure derivative
negative).
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T

E,
Fig. 3. The fragment of the phase boundary ab in the E,,~T coordinate plane.

Eq. (2.119) can also describe the case of simple stretching (or compression) of a column when the
lateral stresses (but not strain) are constant, as it happens, for example, at stretching a column in the open
air. The matter is that any diagonal summand of the sum standing in (2.119) disappears not only at
constant strain, but also at constant stress if it is equal to E,,. We first consider the case when stretching is
carried out along a certain direction (direction 1) parallel to the interface whereas the stress on the
interface E,, is kept constant. If the column consists of two phases, for the phases will be subjected to the
action of the variable stress £} and of the constant stresses E», = E33 = E,, (herewith E; . ,, = 0). Then
Eq. (2.119) takes the form

ASJ' dT = (Ell — Err)A(Uj dell) (2123)

and describes the behavior of the temperature of a phase transition in a mechanically anisotropic system.
Note that passing to an isotropic system is impossible in Eq. (2.123) which then simply loses its sense.
Passing to the independent variable £, and dividing both the parts of Eq. (2.123) by dE;, we arrive at the
relationship

dr En—E, d
<_> _tn A<vj e”). (2.124)
dE]] Emsni ASj dE]]
The derivative de;;/dE;; may be represented as
d 0 0 dr 1 dr
en _ ( 611> +< ell) = + 6y —, (2.125)
dEy; O\ ) 15, £ En oT ) pdEy  Ain dEy;

where Aqyy; and 6;; are Young’s modulus and the thermal strain coefficient (the component of tensor
(2.72) in direction 1), respectively. Putting Eq. (2.125) in Eq. (2.124) yields

dr (Ell _Err) < vj ) |: Ell _Err
— = A / 1 ————A(v011)]. (2.126)
(dE“)E[m%” ASJ' )\1111 / AS/' ( J 11)
Eq. (2.126) describes the dependence of the phase transition temperature on the excess stress E;; — E,,

applied in parallel to the interface. In the initial isotropic state, the derivative d7/dE is zero, but becomes
more and more appreciable as the excess stress increases. Until the excess stress is small, the denominator
of (2.126) is scarcely different from unity. So one may set

dr En —E, :
<—> ~ (En )A< v ) (2.127)
dE;; Epi As; A1l
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from where it is seen that the phase transition temperature increases or decreases proportionally the
square of the stress applied. If, however, the stress is so large that, inversely, one may neglect unity in the
denominator of (2.126), Eq. (2.126) changes to

(dT) o A/ (2.128)
dEn /g, ., A(v;f11)

The dependence of Ton Ey; given by Eq. (2.128) is practically rectilinear. Especially demonstrative is the
case when the difference in the molar volume of polymorphous modifications is negligible. Then
Eq. (2.128) becomes

dT A(l/)\'llll)
— N = 2.129
(dEll>El,7£11 Abr ( )

Such a case should be scarcely considered as rare since polymorphous transformation is a structural one
with a more important change in the body shape than in its volume (which is usually rather small). To
speak about anisotropic solids, we can easily imagine the case of the first-order phase transition when the
molar volumes are strictly the same, whereas some components of the strain tensor have a break, let alone
such structural characteristics as Young’s modulus and the thermal strain coefficient.

Eq. (2.124) can be represented in one more very compact form. Since Eq. (2.124) actually describes
the dependence of the phase transitions temperature on the excess stress E;; — E,,, the isotropic state at
E\, = E» = E53; may be conditionally taken for the initial state of zero strain. Although the derivative
de1/dE is here not isothermal, one may assume (because of the smallness of strain) a linear dependence
between ey, and E;; — E,,. Then, by putting the difference E|; — E,, under the symbol A, we can write
Eq. (2.124) as

<_dT > _ Alyjen) (2.130)
dE11 Elm#l ASj

We now consider the case when the interface is perpendicular to the direction of uniaxial dilatation.
Then E33 = E,, is the variable stress applied to both the phases simultaneously at the constancy of all
other stresses (Ey; = Ey = Ey, Ejz,, = 0). From Eq. (2.119) we have

dr Al)j E E[[ de”
=—5 = A 2.131
(dEr,> Emsn As j Z d E, ( )
By analogy with Eq. (2.125), one may use the representation
de de de dr Kir dr
A Iy il =" Loy, (2.132)
dE rr oE /) T.Epy#Ey,y oT EdErr )"rrrr dE rr

where «;, is usual (three-dimensional) Poisson’s ratio, A, is Young’s modulus for the r-direction, 6; is
the thermal strain coefficient (the component of the tensor shown in Eq. (2.72)) in the /-direction. Putting
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Eq. (2.132) in Eq. (2.131) leads to the relationship

dT AUJ E Ell vj Ell
~ | As; r 2.1
(dErr> Eunir [ As; + ( IZKI UJZOH (2.133)

exhibiting how the excess uniaxial dilatation in the direction perpendicular to the interface, influences the
phase transitions temperature. In the initial isotropic state, the value of the derivative d7/dE,, exactly
corresponds to the Clapeyron—Clausius equation (and can be small if the molar volumes of polymorphous
modifications are close). In the region of small excess stresses, Eq. (2.133) can be written as

dr Av; E,—Ey [ v; &
~ - Al ; 2.134
<dErr) ) AS]' + AS]' )\rrrr IZI:KI ’ ( )

from where it is seen that the dependence is still practically linear (unless the volume effect of the
polymorphous transformation is too small). In the limit of large excess stresses, Eq. (2.133) is reduced to

dr
<dE”r> Elm#rr% A (krrrr [2]: ) /A (vj29”> (2135)

and becomes still simpler when the molar volumes of the polymorphous modifications are close to each

other:
dr
~A A 2.1
(dErr> Ewn (MZ; >/ <29u> (2.136)

Aside from the detailed representation of Eq. (2.131) in the form of Eq. (2.133), we can (using the
same arguments as at passing from (2.124) to (2.130)) reduce Eq. (2.131) to the compact form

dT AUJ' 1 2
< dEﬂ) =-5 A jzeu , (2.137)
Elm#rr J J =1

where the strain tensor components e, includes not only the (negative) deformations of transverse
compression reckoned from a mechanically isotropic state, but also thermal effects. The first term on the
right-hand side of Eq. (2.137) corresponds to the Clapeyron—Clausius equation. The second term plays
the role of a correction whose value depends on the elastic and thermal properties of coexisting phases, as
well as on the degree of deviation from the mechanically isotropic state (for the isotropic state itself,
e; =0, and Eq. (2.137) strictly changes to the Clapeyron—Clausius equation).

From Eq. (2.119), the relationship also follows

<3_T> _ 2 AE, (2.138)
E Cst#rr

e, As;
st#Im
describing the influence of the shear strain on the phase transitions temperature. Here the coefficient 2

appears because of the symmetry of the strain and stress tensors (e, = €,,, E;, = E,,;). In addition, the
shear strain does not influence the molar volume v; so that v; may be factored outside the difference sign.
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We have shown above how phase transitions in non-isotropically stressed solids should be considered
on the basis of the chemical potential tensor and accounting for the interface orientation [5]. In the old
literature the notion of chemical potential was not used at all, and the problem was solved within the
frames of the truncated thermodynamics of deformation (see, e.g. [3]). Instead of the equality of the
normal-to-interface components of chemical potential, it was postulated the equality of molar Gibbs
energy or the function @=F — V> 1.m Emem where Vj is a certain constant volume in the strainless
state usually introduced when using the Piola stress tensor. In this way, Coe and Paterson [36] derived the
equation (in our notation)

dT Vjo Ae;m
— _VioS€m (2.139)
(dElm> Esr#lm AS/

where v o is the molar volume value for a standard state (from which strain is reckoned) assumed to be the
same for both polymorphous modifications. This means that, at least for one of the phases, the standard
state possesses appreciable stresses which, in addition, are not given uniquely (same volume can results
from various combinations of stresses). Therefore, the final strains present in Eq. (2.139) are, at [ = m, of
another (and less clear) meaning than strains given in Egs. (2.130) and (2.137). Coe and Paterson [36]
passed from their Eq. (2.139) to the Clapeyron—Clausius equation by setting / = m and summing up the
right-hand side over all directions. Herewith the use of Eq. (2.11) is needed, but this standard relationship
of theory of elasticity evidently implies all e; to refer to the same state of strain, i.e. all e; are
simultaneously obtained from the same (one) experiment. However, the right-hand sides of Eq. (2.139)
refer to simple dilatations in different directions (i.e. to different experiments), so the strains standing
there do not coincide generally with their values at the all-sided tension of the same specimen.

2.5.2. Second-order phase transitions

Polymorphous modifications cannot coexist if the polymorphous transformation o — 3 is a second-
order phase transition. There is no interface in this case and no direction selected in space. However, the
boundary between the regions of phases o and 3 in the above mentioned state diagram, does still exist as a
hypersurface of six dimensions. The difference is that the hypersurface corresponded to the phase
equilibrium a—f in the case of the first-order phase transition, but now simply separates two one-phase
regions. In the case of a first-order phase transition, thermodynamic potentials and their first derivatives
do not change at the transition point and belong to both the phases simultaneously. Therefore, one can say
that Eq. (2.117) (for an arbitrary direction) are still valid, but now as identities.

To derive the phase boundary equation, let us use the following procedure. We select points a and b
infinitesimally close to each other on the phase-boundary hypersurface in the state diagram (as an
example, the points are depicted in Fig. 3 as their projections on the E,, — T coordinate plane) and
consider a change in a certain property when moving from one point to the other. As such a property, we
first choose the component, for an arbitrary direction, 1, of the chemical potential tensor. Its change,
duj+), at passing from point a to point b can be calculated in various ways by subsequent changing the
state parameters. As it is seen from Fig. 3, the path from a to b goes through the region of phase a if we
first reduce temperature and then increase stress E,,, or, the reverse, through the region of phase 3 if we
first increase stress and then reduce temperature. Involving also the rest variables, we may say that there
are always two routes from point a to point b: one through the region of phase a and the other through the
region of phase 3. We designate the quantity d, calculated by using the first route and the second
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route as duj‘m) and d,u&rr), respectively. Since the result of calculation must be independent of the route,
we have

a B
dluj(rr) = d,uj(”). (2.140)

If we now put the expression for the chemical potential of an immobile species given by Eq. (2.90) or
(2.97) into Eq. (2.140), we formally obtain again Eq. (2.118) or (2.119), respectively (to speak about a
one-component system). However, the first derivatives of the molar Gibbs energy (chemical potentials
belong to that category in this case) exhibit no jump at passing from one phase to the other in the case of a
second-order phase transition (AS =0, AV =0, etc.). Therefore, the resultant equations degenerate into
identities, and nothing can be calculated with the aid of these equations.

Phase transitions of second-order differ from phase transitions of first-order in that not the first, but the
second derivatives of thermodynamic potentials undergo a jump at changing from one phase to another.
Therefore, if we wish to derive the equation of the boundary between the phase regions o and [3 in the
state diagram for a second-order phase transition, we have, turning to Fig. 3, to consider the variation,
along the phase boundary, of such a property which itself is the first derivative of a thermodynamic
potential (of free energy or Gibbs energy in the case under consideration). The standard procedure for
isotropic systems is the use of entropy and volume. Let us see what this give for anisotropic bodies.

Taking the molar entropy of an immobile species s; for the property required and repeating all the
above reasoning related to Fig. 3, we arrive at the condition

a _ 3B
dsj—dsj,

(2.141)

which is evident to be true at any choice of variables. Choosing first temperature and the strain tensor
components as variables, we have the expression for the perfect differential of molar entropy in a closed
system

Bs] Cs 3
ds; = —2dT + Z mdelm =—dT —v jl;::ln,m deyn. (2.142)

In the second form of Eq. (2.142), Eq. (2.70) has been used and two quantities have been introduced: heat
capacity at constant configuration of the system c; (an analogue of specific heat at constant volume in
isotropic systems) and the thermal stress coefficient n;,, (showing what additional stress in a direction
chosen arises at changing temperature by one degree in a closed system of a fixed configuration). Putting
(2.142) in (2.141) leads to the equation

3
¢
A—dT = > Ay, )demm, (2.143)

Im=1

where A symbolizes the difference of values of a quantity in phases o and 8. Eq. (2.143) in other terms
describes the same hypersurface as that described by Eq. (2.118), but now for the case of a second-order
phase transition.

Choosing now temperature, the normal stress in the r-direction and the strain tensor components in the
rest directions as variables, we write the expression for the perfect differential of molar entropy in a
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closed system as

0
ds; = =2 S/ LdE, + Z 95 - dey
(lm #* rr)
3
CE,,,E m+# rr
— Tl#dT + 0,00 dEp — v Y [On(Eim — 8mErr) + Nim(rr)|dem. (2.144)
I,m=1
(Im#rr)

In the second form of Eq. (2.144), Eqs. (2.79) and (2.80) have been used containing the quantities 1,
(the thermal stress coefficient under the condition that the normal stress in the r-direction is kept constant)
and 6,, (the thermal linear dilatation coefficient in the r-direction under the condition that all other
direction are blocked). Besides, it has been introduced the specific heat cg,, ., at constant pressure in
one direction and constant system boundaries in all other directions. The substitution of (2.144) in (2.141)
leads to the equation

3
CE. . e -
AiE"’]/‘m%" dT = _A(Ujerr)dErr + Z A[Uj@,r(E]m - SlmErr) + vjnlm(rr)]delm (2.145)
Im=1

(Im#rr)

that describes the phase boundary as a hypersurface in the state diagram in the case of a second-order
phase transition.

An interesting result is obtained when molar entropy is replaced by molar volume. Then, instead of
Eq. (2.141), we have the initial equality

dv? = dof. (2.146)

The choice of temperature and the strain tensor components as the variables of the phase state, as in
Eq. (2.142), is of no interest in this case. The matter is that the variation of molar volume with temperature
becomes impossible at the constancy of the configuration of a closed system (e;,, =0), so that the
expression for the perfect differential of molar volume in the closed system will not contain the
temperature differential needed. Therefore, we use the set of variables standing in Eq. (2.144) and
implying the presence of a free direction. We write the expression for the perfect differential of molar
volume in a closed system as

3

ov; ov; ov;
dv; de I dE,, L dey. 2.147
Vj = +8Err + 1;1 der, e ( )
(ll;wérr

Using Eq. (2.76), we express the first derivative on the right-hand side of (2.147) through the thermal
linear dilatation coefficient in the r-direction 6,,. We express the next derivative through the one-sided
isothermal compressibility ¥, in the same direction given by Eq. (2.78). The last term in Eq. (2.147) is
transformed with the account of Eq. (2.82) introducing two-dimensional Poisson’s ratio «,; in the rl-plane
(dilatation in the r-direction is accompanied by lateral compression in the /-direction at the constancy of
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all other components of the strain tensor). The resultant form of Eq. (2.147) is

dv; = v;0, dT + v;x,, dE, + v; Y (1 — ky)dey (2.148)
1#r
or
dInv; =60, dT + x,, dE, + > (1 = ky)dey. (2.149)
l#r

We now may substitute (2.148) in (2.146). However, it will be simpler if, instead of considering the
variation of molar volume, we now consider the variation of the logarithm of molar volume along the
phase boundary in the state diagram. Instead of (2.146), we write

dInv$ = dlnvb. (2.150)

and substitute (2.149) in (2.150). This yields the phase boundary equation at a second-order phase
transition

A, dT = —Ax,, dE, — > Ak, dey. (2.151)
l#r

Eq. (2.151) is essentially simpler and, simultaneously, poorer than Eq. (2.144) since Eq. (2.151) contains
only the diagonal components of the strain tensor and only for two directions (different from r).

As was already noted in the preceding section for the case of anisotropic bodies, the volume change
can be continuous even for a first-order phase transition. More generally, the observation of only volume
behavior in phase transitions is quite insufficient for anisotropic bodies: it is necessary to control the
whole strain tensor. In the case of a second-order phase transition, the strain tensor é itself is continuous at
intersecting the phase boundary in the state diagram (this means that all its components e, are
continuous), but some of its derivatives undergo discontinuity. In place of Eq. (2.146), we now write

de¢ =deP  (I,m=1-3) (2.152)

and choose temperature 7T and the stress tensor components E; as independent variables:

deim > (dem 2. dE,,
deyy = (=77 ) dT+ dEy =6, dT + ) (2.153)
E Lm=1 T\Epmts Lm=1"vstim

(here 6y, is the thermal strain coefficient and A, is the elasticity modulus at given stresses). The
substitution of (2.153) in (2.152) leads to the relationship

3
1
A6, dT + ZA(
1

stlm

)dEst =0 (ILm=1-3) (2.154)

Im=

which describes the influence of stresses on the phase transition temperature.
We now apply the above equations to the examples considered in the preceding section for first-order
phase transitions. In the case of one-sided stretching (in the r-direction), according to Eqs. (2.145) and
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(2.151), the variation of the polymorphous transformation temperature is given by the relationship

oT A(v;60,) Ax,,
= — = — . (2.155)
(aErr) Cim£rr A(CErr-elm%rr/]w) Agrr

If, however, the matter has been placed inside a tube with open ends at constant external pressure
(E,, = constant), the equations obtained yield

oT Afv 'er Ey — Err + v; rr A r
(_) _ [v;0,+(Ey )+ Vi) By (2.156)
Erey Frr

aell A (cErV-,e[m F#rr / T) B Aerr

for the one-sided transverse compression. If a specimen is subjected to shear strain, the corresponding
equation can be obtained from Eq. (2.145):

( oT > _ A[Uj@rr(E]m - (SlmErr) + vjnlm(rr)]
Errve_g[;érr

T (2.157)
aelm A(CErrvelm% rr /T)

st#£1Im

We now turn to the case of simple stretching. Eq. (2.151) originating from the continuity of the volume
logarithm yields

dT Ax 1 dey
=7 _ Ak —-. 2.158
(dE,,) By DOy A, ; “iE, ( )

Eq. (2.154) produces a still simpler result. Writing Eq. (2.154) for the condition of the continuity of the
strain tensor component e, at fixing all the stress tensor components but E,,, we have

( a7 ) _ AU ) (2.159)
Epmt

dErr Aerr ’

where A,,.,-is Young’s modulus in the r-direction. Eq. (2.159) gives evidence, first, of the linear character
of the dependence of the phase transitions temperature on the one-sided stress value and, second, of that
the slope of the line depicting this dependence can be different for different directions for an anisotropic
body. In the case of a second-order phase transition, it is canceled the problem of mutual orientation of the
physical phase boundary and the direction of a stress applied. Therefore, the phase transitions
temperature may be assumed to be a function of the principal stresses E;, E,, and E; only:

oT oT oT

dT = —dE|; + —dE, + —dE;. 2.160
3E, 1+ oE, 2+ TR 3 ( )

Passing in (2.160) to the isotropic case dE; = dE, = dE3 = dE, we obtain the relationship

dr 9T  oT  oT

“a_ g 2.161
dE  9E, +8E2+8E3 ( )

that was confirmed experimentally by Coe and Paterson [36] who studied the influence of the one-sided
stress on the temperature of transformation of a-quartz to B-quartz (all the four derivatives in (2.161)
were determined independently). They obtained a pure linear dependence of the transition temperature
on stress. One can say more. Since, according to their data, a-quartz possesses a higher linear
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compressibility and a higher linear thermal dilatation coefficient as compared with 3-quartz, Eq. (2.159)
also correctly predicts the sign of the linear dependence (the phase transition temperature increased when
applying one-sided compression in experiment). The above facts incline to the known interpretation of
the a—B-transformation as a second-order phase transition, although Coe and Paterson eventually
adopted the variant of a coherent first-order phase transition.

2.6. Surface mechanochemistry

An interface is always subjected to the field of adjacent phases. Therefore, the regularities typical for
systems in external fields, nonuniformity and anisotropy, are manifested in interfacial layers. The
interfacial nonuniformity develops at a distance of order of molecular dimensions, which gives evidence
of huge gradients of density or concentration. At the same time, the effective thickness of interfacial
layers is small and seldom exceeds molecular dimensions by the order of magnitude (far from the critical
point). The appearance of the strong nonuniformity in one direction itself leads to the anisotropy of
physicochemical properties of an interface. Even for liquids, the surface layer is distinct from the bulk
phase by the presence of anisotropy of the pressure tensor (this means that the Pascal law fails for the
surface layer of a liquid). In solids, the anisotropy of chemical potential is complicated by its
nonuniformity (even at equilibrium), which makes especially important the use of the above local
thermodynamic equations. Of course, the application of the thermodynamic relationships derived in this
section to the interfacial region is an approximation since the behavior of a strongly nonuniform matter is
determined not only by local properties, but also by their gradients of all orders. Selecting a certain layer
of an interface (like a surface monolayer) and averaging properties along the gradient direction (for the
other directions, an interface is locally uniform in reality), we create the basis for the application of the
local thermodynamic equations.

The role of surface phenomena in the processes of deformation is small and is usually neglected in
continuum mechanics. However, the situation is quite opposite in the mechanochemistry of solids. As we
already noted, a solid typically reacts with its surface. Therefore, just the state of matter at the surface is
determinant for solid reactions including heterogeneous catalysis, and mainly the solid surface mono-
layer is chemically active. Correspondingly, not the whole surface tension (which is an excess surface
stress integrated over the interface thickness), but the real surface stress in the monolayer region is the
main mechanical parameter in mechanochemistry. The origin of surface stress is the same as that of
surface tension. The difference between the local surface stress in a monolayer and the corresponding
bulk stress multiplied by the monolayer thickness can be called the monolayer tension and is a part of the
whole surface tension. Since a surface monolayer yields the main contribution to surface tension, the
monolayer tension can be close to surface tension and, if measured experimentally, can be used for
finding an approximate value of surface tension. This was described earlier [1] and is especially
important in view of the opinion that excess surface stress (surface tension) cannot be determined
experimentally [37]. For this reason it is worthy to return to this problem in the light of the above
thermodynamic theory.

The fact itself of the natural existence of surface stress is not provided in the theory of elasticity [3] that
banks upon the fact that there are no internal stresses in the initial state when external forces do not act on
a solid. This is not the case in reality. Stress is always present in the surface layer and changes (in any
way) in the course of mechanical treatment. In the above equations, this circumstance has already been
taken into account in that respect that we never used the prehistory of a body and never used the strain
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itself in the equations, but used only the differential of strain. In other words, all the relationships have
been formulated in terms of a given strain and can be used regardless of the absence or presence of an
initial stress. Meanwhile, the presence of an initial surface stress results in the mechanical effect of the
strain sign, which was unknown in the classical theory of elasticity and surface thermodynamics. The
theory of this phenomenon can easily be formulated on the ground of the above thermodynamic
relationships [4].

2.6.1. Theory of the mechanochemical effect of the strain sign

Let the solid surface monolayer participate in an isothermal physicochemical process (e.g. it can be a
chemical reaction) with a monomolecular mechanism, so that its chemical potential enters the process
affinity with the unit coefficient (otherwise we should simply multiply the chemical potential by the
corresponding stoichiometric coefficient). We consider the typical situation when the process develops
along the normal to the surface. Then only normal components of affinity and chemical potentials are in
action. For the sake of simplicity, we assume all other participants of the process to be in a fluid state and
have their chemical potentials kept constant (e.g. with the aid of a large fluid mass). According to
Eq. (2.107), we have, in this particular situation,

To establish the strain sign effect, we have to compare the affinities of the stretched and compressed states
with exactly same absolute values of strain. To speak about experiment, a too great force is needed to
produce an appreciable effect by direct stretching or compressing a solid [38]. However, even slight
bending a solid plate creates big stresses, opposite in sign, on the plate sides. It is also important in this
experimental scheme that the additional stresses and strains arise just in the direction where surface stress
acts. For this reason, it is convenient to apply the consideration to an elastically bent plate. Denoting
AA,, the affinity difference between the convex and concave sides of the plate and accounting for
Eq. (2.162), we have

AA,, = A,u;.( (2.163)

nn)*

According to Eq. (2.41), the quantity M/j(nn) itself is given by the expression (in the absence of mobile
species in the solid phase)

Wiy = Vi(f = Enn).- (2.164)

Because of the constancy of temperature and chemical potentials, the pressure in the adjacent fluid phase
and, therefore, E,, are constant too. A change in the molar volume v; is negligible due to low
compressibility of a solid, and, hence, the behavior of ,u’j( ) is practically determined only by the free
energy density f.

The problem of a bent plate was thoroughly analyzed in the classical theory of elasticity (see, e.g. [3,p.
60]), and we begin with reviewing the corresponding results. At a small bend of an originally flat plate, its
convex side undergoes one-direction stretching and its concave side undergoes axial compression. We
assume this to occur along the x(x;)-axis, while the z(x3)-axis is directed along the normal to the surface
(the origin of coordinates is positioned at the plate center, Fig. 4). In the case of an isotropic material, the
theory of elasticity yields the following expression for the increment of the local density of free energy of
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Fig. 4. A bent solid plate in contact with a fluid medium.

the bent plate (referred to the not distorted state):

(Pg/0x) Y2
flx,2)— fo= 21— @) >0, (2.165)
where f is the free energy density for the plate in the not distorted state, ¢ the displacement of the points
of the middle plane of the plate along the z-axis at bending the plate (Fig. 4), Y the Young’s modulus, and
k is the Poisson’s ratio. According to (2.165), the free energy density increases with the plate bend. This
means, in accordance with (2.164), that the chemical potential of the plate matter increases and, hence,
the chemical affinity of the process under consideration increases too. The opposite sides of the plate
differ in the sign of the z-coordinate. However, z stands only in the second power in Eq. (2.165). Then it
follows at once from Eq. (2.165) that the free energy density is the same on the two sides of the bent plate,
i.e. Af=0. Turning now to Eq. (2.163), we obtain Au’j( an) = AA,, =0 in the same approximation
(accounting for the local density change in the process of deformation of the plate leads only to a small
correction, sometimes by two orders of magnitude smaller than the effect observed in experiment [39], so
it makes no sense to discuss it here).

Thus, one can say that the classical theory of elasticity predicts the mechanochemical effect of bending
(the process rate increases as the plate is bent), but denies the influence of the strain sign on the effect.
This result for incompressible Hookean bodies is a consequence of the fact that the free energy change at
axial stretching and compression (to the same extent) is the same not only in sign (free energy increases in
both the cases) but also in value. As we already noted above, this is true only under condition with no
stresses in the initial state of a body. The existence of surface stress changes the entire picture and requires
another approach, which can be based on the relationships of Section 2.3.5.

We start with Eq. (2.97) that, at constant 7, E,,,,, and with N; = 0 and the diagonal form of the stress
tensor, becomes

dlu/j(nn) = vj[(EH — Enn)dell + (E22 — Enn)dezz] (2166)
for each of the plate sides. Using Poisson’s ratio x,; = —deyy/de;;, we can rewrite (2.166) as

!
AL ian)
dery

= Vi[(Ei1 — Ew) — k21(E22 — Epn)]. (2.167)

We shall consider the initial configuration of a not yet bent plate (but with surface stress) in contact
with an adjacent fluid phase as a not distorted configuration with respect to which the strain is measured.
Then each of stresses E;; and E,, can be decomposed into the initial stress and the acquired stress
according to the equation

Ey = Eyo + Aunen (1=1,2), (2.168)
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where the quantity related to the initial state is marked with zero and the acquired stress is expressed
through the elasticity modulus and strain (which, naturally, is assumed to be small). Putting (2.168) in
(2.167) leads to the expression

du’.
I3 (B + renr), (2.169)

d€11
where Eg=Ej10 — Eun — k21(E20 — Eny) and A =2Xxq111 + k2122211 The integration of Eq. (2.169)
yields

Wi = Wigmpo + viEoen + vjked). (2.170)

Stress Ey is assumed to be zero in the classical theory of elasticity. So, if we followed the theory, we would
investigate only the quadratic term in the expansion of the chemical potential, whereas there is a more
important (at small deformation) linear term in reality. Thus, it may be said that not we are finding a
correction to the classical theory of elasticity, but rather the classical theory of elasticity gives a
correction to the effect under investigation.

Let us consider the linear term in (2.170) in detail. Not to complicate the problem with the additional
factor of anisotropy, we assume the plate material to be isotropic (Ej1g= E»s0, k21 = k) and write
Eq. (2.170) as

Wi = Wigmo + vi(1 =€) (Enio — Emn)err + vjhes,. (2.171)

Since the liquid, with pressure p = —E,,,,, surrounds the plate all round, the stress tensor in the plate bulk
can be considered to be isotropic and to have only one component E,,,,. In other words, E| o = E,,,, in the
bulk. This means that the difference E;;o — E,,,, is the local excess stress in the surface zone (typically a
monolayer) participating in the process under consideration. Let us refer Eq. (2.171) to the convex
(stretched) side of the plate. Then, as is seen from the contribution of the linear term in Eq. (2.171), the
chemical potential increases or decreases as the plate is bent if the excess surface stress is positive or
negative, respectively. According to (2.162), the affinity behaves similarly. The concave side of the plate
differs from the convex one by the strain sign. Therefore, if the strain value ey for the convex side is also
used for the concave side, we have

Wi = Wigmo — vi(1 =€) (Enio — Emn)en + vjheq, (2.172)

for the concave side in place of Eq. (2.171). As is seen from Eq. (2.172), the effect produced by the
linear term for the concave side, is of the opposite sign: as the plate is bent, the chemical potential
(and, therefore, the chemical affinity of dissolution) increases at a negative value and decreases at a
positive value of the excess surface stress. Subtracting (2.172) from (2.171) and accounting for
(2.163), we obtain

A3) = 2vjEoent = 2v(1 — k) (Evio — Ess)en. 2.173)

In the classical theory of elasticity Ej = 0, and the effect described by Eq. (2.173) is absent. In reality, as
we see, the mechanochemical effect of the strain sign does exist and depends on the sign of excess surface
stress. The chemical potential (and affinity) on the convex side is higher than on the concave side at a
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positive value of excess surface stress. The reverse, the chemical potential (and affinity) on the convex
side is lower than on the concave side at a negative value of excess surface stress.

2.6.2. Experimental discovery of the mechanochemical effect of the strain sign and measuring
absolute surface stress

The above mechanochemical effects have already been discovered in experiment. The first observa-
tion of the strain sign effect was related to the rate of dissolution of a bent monocrystalline (cleaved along
the (1 0 0) crystalline plane) plate of KCl in a water stream [39]. The dissolution rate was determined by
the visual microscopic examination of the movement of the crystal boundary surface. Both the convex
and concave sides increased their dissolution rates with the additional surface stress applied. However,
the concave side dissolved somewhat faster, and this gave evidence of the negative sign of the excess
surface stress. It was also possible to find the equilibrium (when the boundary surface was at rest)
solubility separately for the opposite plate sides, and the solubility was again larger for the concave side.
With such data, the chemical potential difference A/L/j.(nn) in Eq. (2.173) can be determined as

Apy = RT Aln(c] f]), (2.174)

where c’Jf and fj’-' are the equilibrium concentration (solubility) and the activity coefficient (the mean
activity coefficient to mention electrolytes) of the matter of the solid in solution, A symbolizes the
difference between quantities related to the convex and concave sides of the plate. Putting (2.174) in
(2.173) leads to the estimate

RT Aln(c/ f])

= 2.175
20i(1 —k)ey; ( )

Eyo— Eun

to yield the excess surface stress £ 19 — E,,,, = —4 X 10° Paand the monolayer tension about —0.12 mN/
m, as was reported earlier [1].

Another confirmation of the strain sign effect was obtained from experiments on corrosion under
stress. It has been known for a long time that strain promotes corrosion (see the literature in Ref. [40]). It
was discovered recently that the corrosion rate is different for the convex and concave sides of a
polycrystalline carbon steel plate when it is bent and drawn in contact with hydrochloric or sulfuric acid
[41]. Since corrosion destroys a specimen and cracking occurs on the convex side, the mechanochemical
effect can scarcely be noticed in the case of a positive excess surface stress (when the convex side is to be
mechanochemically active). In many cases, however, the corrosion rate turned to be greater on the
concave side at the early stage of the process (the convex side will inevitably prevail sooner or later). This
indicates the strain sign effect and the existence of a negative value for the excess surface stress. Although
the possibility of the existence of negative surface tension was predicted long ago (see, for example, Refs.
[42,43]), the experimental confirmation of that fact failed for a long time. This is explained, in the first
turn, by the lack of direct methods for measuring the surface tension of solids. In the above examples, we
exhibited a reliable method for determining surface stress and negative values for the local tension at the
surface. However, we dealt with a solid/liquid interface and, moreover, with a solid electrolyte/
electrolyte solution interface with a powerful electrical double layer. If one imagines the surface
monolayer of a solid as a capacitor plate chiefly consisting of ions of one sign, a negative value for the
monolayer tension is seen rather expectable than surprising.
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3. Development of principal notions of surface thermodynamics

Surface tension is the central quantity of Gibbs’ theory of capillarity. Promoting the simplification of
the apparatus of surface thermodynamics, surface tension itself meets difficulties in interpretation,
especially for curved interfaces. In this connection, Guggenheim wrote: “The more I read it, the less I
understood” [44]. The procedure of introducing surface tension as an excess quantity becomes
ambiguous for curved interfaces and leads to several definitions. Additional terminological problems
arise for solid surfaces. Even the trivial difference between surface tension and surface free energy forced
some authors (see, e.g. [37,45]) to avoid the term “‘surface tension”. The use of *““surface stress” instead
seems scarcely to be the way out. First, it is not quite exact. We considered above the local surface stress
in a given direction (1) along the surface as Ey;, the local excess surface stress as E;; — EY, the tension of
an interface element of thickness 8 as (Ej; — EY,)8, and surface tension as the sum of all the element
tensions across the interface. Second, even if we understand surface tension in the sense of surface stress
(which is correct in principle), the ambiguity of the surface tension definition remains for curved
interfaces. Surface tension is closely related to the dividing surface and to the condition of mechanical
equilibrium at an interface. We reviewed all these topics earlier [1], but we now have to say more. We will
show that surface thermodynamics developments become more understandable and still more elegant. In
this section, we follow the logic sequence: the introduction of a surface, the introduction of a surface
tension for the surface, the introduction of the equilibrium condition for the surface tension, and, finally,
fundamental equations.

3.1. Dividing surface

The concept of a dividing surface is a quintessence of Gibbs’ approach in surface thermodynamics. He
defined it in the following words: “... let us take some point in or very near to the physical surface of
discontinuity, and imagine a geometrical surface to pass through this point and all other points which are
similarly situated with respect to the condition of the adjacent matter. Let this geometrical surface be
called the dividing surface . ..”” The ambiguity of this definition is obvious. To be more exact, this is not a
definition, but an intuitive conceptualization of a certain image. To make it a definition, it is necessary to
show how “‘the condition of the adjacent matter’” should be formulated. Since only interfaces of simple
symmetry (flat, spherical, etc.) were under consideration for a long time, the dividing surface shape was
reasonably postulated, and only the choice of the dividing surface location was discussed. The common
practice rooted in Gibbs’ approach was reduced to shifting a dividing surface along its normal by a certain
distance. Mathematically, this means the conformal transformation of a dividing surface. The case of a
non-uniformly curved interface is much more complex. Although the above procedure is also applied to
non-uniformly curved interfaces, this operation looks proofless. Both the questions, how to find the
dividing surface shape and how to change its position, are raised again when passing to an interface of
arbitrary shape. The theory has been formulated recently [46—49] and is presented below.

“The condition of the adjacent matter” is the ability of creating an external field influencing the
interface. External fields of another nature can also contribute to this field to make it more complex. As a
result, an interface becomes non-uniform and is characterized by the gradient lines of local properties,
first of all, density (concentration), which makes the interface shape visible. We take gradient lines for the
coordinate lines (let it be coordinate u3 corresponding to Cartesian z = x3) of a certain curvilinear
coordinate system including also coordinates u#; and u, whose lines are perpendicular to the gradient lines
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at each point. Such a coordinate system forms the interface metrics (mathematically, the Riemann space
with curvature) characterized by the metric tensor g;; relating coordinates u; to Cartesian coordinates x; as

ox Bx/ .
= ik=1-3), 31
Bk = au, 8uk Zaul oy ) G-

where r is the radius vector of a point inside the interfacial region (vector dr/du; is directed along the
coordinate line ;) and the dot designates the scalar product of vectors. As is seen from Eq. (3.1), the
metric tensor takes the diagonal form if the coordinate system u;, u,, u3 is orthogonal. Then only the
diagonal components g;; are retained. Their square roots are also known as the Lame coefficients

ar

h,‘ =—= ii 3.2
8ui g ( )

relating the coordinate line length /; to the corresponding coordinate u; as

We now can define a dividing surface as any coordinate surface u, u, of the above coordinate system.
In other words, we define a dividing surface as a coordinate surface, normal to the gradient lines, of an
orthogonal curvilinear coordinate system that diagonalizes the metric tensor of an interface. The dividing
surface equation is

usz = uzp, (34)

where uzq is a constant whose value is arbitrary to some extent. A dividing surface itself possesses a
metrics formed by its coordinate lines, and obeys regularities of orthogonal curvilinear coordinates. First
of all, the coordinate lines coincide with the curvature lines according to Dupin’s theorem of differential
geometry. This means that the curvatures ¢; = 1/R; and ¢, = 1/R, of the dividing surface along the
coordinate lines 1 and 2 are the principal curvatures (correspondingly, R; and R, are the principal
curvature radii). As a consequence, the Rodrigues formula is valid

3—22@5—; (i=1,2), (3.5)
where n is the unit normal to the dividing surface. Eq. (3.5) shows that the variation of the dividing
surface orientation at moving along its coordinate line is determined only by the curvature in a given
direction. Finally, the important geometrical relationship

8lnl,- . 8lnh,- o
8[3 N ]’L33M3 a

(i=1,2) (3.6)

describes shifting a dividing surface element along the coordinate line 3.

The dividing surface definition given in Eq. (3.4) is not only strict as compared with Gibbs’ definition,
but also more general since it permits geometrical inconformity of different positions of a dividing
surface. Gibbs’ conformal approach is a particular case of the general definition and can be commented as
follows. Let the Lame coefficient have a value A;( for a certain point of the dividing surface with u3 = u3.
After shifting the dividing surface by a small value Aus, the point chosen is displaced to a new position
with the Lame coefficient 4;. Expanding &, in a power series of Aus in the vicinity of h;y with using
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h3oAM3> ?
e 3.7
J < Rio " G-

It is seen from Eq. (3.7) that the expansion is actually carried out with respect to the dimensionless
parameter A/R,; where A = h3pAus. If the coordinate line of us is straight (b3 =hyo=1, A = Aus,
R; =Ry + A, 0R;//0A = 1), the third and all subsequent terms on the right-hand side of (3.7) become
zeros. Then Eq. (3.7) changes to

Eq. (3.6), we have

1 OR;
0 /’l30 8l/t3

hio Rio 2

h; h3oA 1 Rip 01
1+ 30AU3 1 Ko dln ]’13
/’l30 8u3

hi R A

hio  Rio o Rio’ G:8)
where A means a shift of the dividing surface along the normal, i.e. the conformal mapping of the dividing
surface. As a strict relationship, Eq. (3.8) corresponds to a certain model of an interface. On the other
side, passing to a slightly curved interface, we may simply neglect the third and all subsequent terms on
the right-hand side of (3.7) since the expansion is carried out with respect to A/R;o. Then we again arrive at
Eq. (3.8), but now as an approximation for a slightly curved interface of an arbitrary metrics. Fig. 5
illustrates the difference between Gibbs’ approach and the above general definition of a dividing surface.
Only for infinitesimal displacements, both the methods coincide: since we deal with an orthogonal
coordinate system, every shift along the coordinate line 3 primarily means the movement along the
normal to the dividing surface.

3.2. Excess surface stress (surface tension) for curved interfaces

In Section 2, we met the situation when only the excess surface stress in the surface monolayer was
important for solid state surface chemical reactions. In many other cases, however, the excess stress of the
whole interface resulting in surface tension is of practical importance. The surface tension definitions by
force and the force moment were reviewed earlier [1], but we now have to reformulate them in view of the
above general definition of a dividing surface.

We will also discuss the third-dimension aspect of surface tension as a reply to the most intriguing
question of the theory: is it always that surface tension is directed along the surface?

Fig. 5. Gradient lines (the family of lines 3) and shifting the dividing surface in the correct (1—2) and traditional (1—29 way.
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3.2.1. Definition by moment

Letus consider the interface occupying the space between the coordinates u5 and uE in phases o and 3,
respectively, and introduce a dividing surface defined by Eq. (3.4). Following the general rule of
composing Gibbs’ surface excess quantities, we have to integrate a local excess quantity over the non-
uniform interfacial region, the excess being estimated with respect to the reference system with
1mag1nar11y uniform bulk phases up to the dividing surface. We choose the local stress tensor differences
E—E" and E — E” as excess quantities for the regions on the sides of phases o and 3 of the dividing
surface, respectively. With a closed move of the normal coordinate line, we select a narrow ““flux tube”’
of the normal coordinate lines within Au; and Au,, which intersects every u, u, coordinate surface over
the area A = h h,AuAu, and intersects the dividing surface over the area Ag = h1ohaoAu;Au,. Referring
the integral to the dividing surface unit area, we obtain the expression for the surface excess stress tensor
y as
B

1 U0 . uy .
/ (£ — E)Ahy dus + / (B~ B du3] . (3.9)
u%‘ uszp

V= Ao

Using now the above expressions for A and A and letting Au; and Au, tend to zero, Eq. (3.9) acquires the
local form (for a given point on the dividing surface) [46]

B
1 oo B 4
p= l/ (E — E*)hihyhs dus + / (£ — EPYhyhohs dua] - (3.10)

hiohao | Jug w30

Similarly to the bulk stress tensor (see Section 2), the surface excess stress tensor has three vector
components
‘YlEil'J}v ’YZEiZ')/)v 'Y3Ei3')/)) (311)

which are the scalar products of tensor p and unit vectors i; (along the coordinate line of u;), i, (along the
coordinate line of u,), and i3 (normal to the dividing surface). The three vectors contain nine scalar
components of which the diagonal components

1
hiohao

uszp LlB
/ (Eii — Eﬁ)hlhzl’n dI/l3 + / ’ (E,'i - Eg)/’llhg}h du3 (l = 1—3) (312)

a
3 uso

Yii =

are the most important. The components y;; and y,, make the scalar surface tension y as

y:)/n +J/22, (3.13)
2
whereas y3; =y 18 a specific quantity termed ‘“‘transversal surface tension” and mirroring the third-
dimension aspect of surface tension.
In the particular case when either the normal coordinate is rectilinear (43 = 1, u3 = [3) or the interface
thickness is small as compared with the principal curvature radii of the dividing surface, Eq. (3.8) holds
and permits writing Eq. (3.12) in the form (we now supply y; and y,, with the moment superscript “‘m
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not to confuse them with similar quantities in the next section)

0 B
Y™ RioRy0 = / (Eny — ES)R 1Ry di + / (E\y — EP)R R, d, (3.14)
o 0
0 AB
)/r2n2R10R20 = / (Ezz — E5(2>R1R2 d)\ + / (E22 — Ezﬁz)R]Rz d)\., (315)
A« 0
0 AB
YaR10R20 = / (Ess — E%)R iRy da + / (Ess — EL)R\R, d, (3.16)
o 0

where A = u3 — uzg = I3 — 3¢ is the distance reckoned from the dividing surface and varying between A*
and AP within the interfacial zone. Multiplying Eq. (3.14) by the elementary angle
66, = 512/R2 = 5120/R20, we obtain

0

AR
)/Ilanl()Rz()892 = / Rl(Ell — E(IXI)RQ(SOQ dr +/ Rl(En — Efl)szz di. (3.17)
0

I
Obviously, y1jRx0062 = y,8ly is the excess force applied to the arc 8l on the dividing surface and
directed along the unit vector i;. Since this direction is perpendicular to the radius vector R and unit
vector i3, the product y7]R10R2086, is the absolute value of the moment of the above force y7| R20860, with
respect to the first curvature center. The integrand (Eyy — E,)R280, dA = (Eyy — Ef,)8l, dA is the excess
force acting on the area element 3/,dA and directed perpendicularly to the radius vector R;. The product
of this force and R; is the absolute value of the moment of this local force with respect to the first
curvature center. The integration yields the force moment for the whole interface. Hence, Eq. (3.14)
establishes the equivalence between the dividing surface and the real interface with respect to the force
moment of surface tension with respect to the first curvature center. Similarly, the equivalence with
respect to the second curvature center is established by Eq. (3.15). As for the transversal surface tension
¥, it is directed along the normal i3, so that its moment with respect to both the curvature centers is zero.
Therefore, Eq. (3.16) for yn has not such meaning as Eqs. (3.14) and (3.15) for 7} and y3;. Concerning
Egs. (3.14) and (3.15), it should be noted that, as a result of miswriting in the author’s monograph [50],
related Eqs. (4.23)—(4.26) reviewed earlier [ 1] were written with squared principal curvature radii instead
of their product, which can be true only for a spherical surface.

Returning to Eq. (3.10), let us see the dependence of 7 on the dividing surface location at a given
physical state. Differentiating Eq. (3.10) with respect to usq yields

dy yoln(hiohy) B -
£ o) = £ 3.18
h308u30 h308u30 (Lt30) (I/t30) ( )

or, accounting for (3.6),

a7 A A3 Ao

i+ Pl ) = E (uso) — E* (o) (3.19)
(if superscript a corresponds to the phase with larger pressure and smaller stress, the right-hand side of
Egs. (3.18) and (3.19) is positive). It is seen from Eq. (3.19) that the surface excess stress tensor is

dependent on the dividing surface location. This is true for every component of the surface excess stress
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tensor. In particular, we can write, using (3.12), for the scalar surface tension defined by Eq. (3.13)

oy™ ER (u —i—EBu — E% (u3g) — ES (u
%mﬂLJ/m(CloﬂLCzo) _ 11 (u30) 5 (1430) . 1 (u30) % (130)

. (3.20)

In the case of a spherical interface and isotropic bulk phases (cijo = c0=1/Ry,
E\\ = Ey = Ex3zs=E = —p), Eq. (3.20) is reduced to the Kondo equation for a liquid drop [51]

oy 2ym

EP _Ex — o B 3.21
8R0+R0 P — D, (3.21)

which describes a curve with a unique minimum. The position of the dividing surface corresponding to
the minimum is Gibbs’ “surface of tension’ that is equivalent to the real interface both by moment and
force.

A similar equation follows from Eq. (3.12) for the transversal surface tension

2;/—31; + )/N(Cl() + C2()) = E%(Mgo) — Eg‘3(u30). (3.22)
The analysis and solution of differential Egs. (3.20) and (3.22) [49] show that, in spite of their formal
similarity, they describe very different behaviors. For liquids, the surface tension )" itself cannot be zero,
but can have a zero derivative (leading to the existence of a minimum as was mentioned above). By
contrast, yx can become zero itself (as composed of two integrals of opposite signs according to
Eq. (3.16)), but cannot have a zero derivative (there is a monotonic change of the normal stress when
passing from phase « to phase [3). This behavior of the transversal surface tension will be important for
the analysis of the third-dimension aspect of surface tension in Section 3.2.3.

3.2.2. Definition by force

We now again calculate the excess surface stress replacing the integration over the interfacial volume
by the integration over the interface cross-section. Let us first consider the vector component E; = i; - E
of the stress tensor E, corresponding to the coordinate line 1. We choose the cross-section as a narrow
strip of the coordinate surface u,, u3 within the intervals u,, u, + Au, and u§, ug (Fig. 6). As Au, tends to

H2+Au2

Fig. 6. The interface cross-section.
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zero, we obtain, similarly to (3.10),
f 1 0 ME B
Y = hizo / (E1 — E?)hghg, dus + / (El — El )h2h3 dus |, (3.23)
u‘; uszon

where y! is the excess surface stress vector on the cross-section perpendicular to the coordinate line 1
(superscript “f”” has been introduced to distinguish the definition by force from the definition by moment
in the preceding section). By analogy, we can write for the other principal cross-section (perpendicular to
the coordinate line 2)

[ / u30
o
3

In the particular case when the coordinate u; is rectilinear, Eq. (3.23), accounting for (3.8), can be
written in the form

1

— 3.24
o (3.24)

B
Uy
Yh = (Ex — E3)hihs dus + / (Ey — E8)hihy duy

u3o

. 0
Y Ry = /
)L[X

Multiplying both the sides of Eq. (3.25) by the elementary angle d6, (Fig. 6), we obtain, on the left-hand
side, the excess force applied to the arc R, df, of the dividing surface cutting line. The integrand on the
right-hand side is the excess force applied to the elementary area R, df, dA, and the integrals yield the
total excess force applied to the interface cross-section within the elementary angle df,. Thus, Eq. (3.25)
determines the excess force vy, per unit length of the cutting line on the dividing surface, exactly equal to
the real excess force on the corresponding cross-section of the interface. The same can be said about
every component of vectors y! and 5. We now see that Egs. (3.23) and (3.24) correspond to the force
definition of surface tension.

Among the components of vectors y! and 5, | and y}, are of the most importance. From Egs. (3.23)
and (3.24), we have

AR
(E; — EX)Ry di + / (E; — EP)R, d). (3.25)
0

B
1 u3g Uz
)/gl = h_ / (E11 — Eclxl)hzh3 du3 + / (E“ — E?l)h2h3 dM3 , (326)
20 |/ ug uz ]
f 1 [ [ ME g ]
Vo = h_o / (E22 — E(zxz)hlhj, dus + / (E22 — E22)h1h3 dus | . (3.27)
1 i u§ u3o ]

According to Eq. (3.13), %, and y%, compose the scalar surface tension .

By direct differentiating Egs. (3.23), (3.24), (3.26), and (3.27) with respect to 13, it is easy to establish
that y! and % and all their components are dependent on the dividing surface location. The resulting
equations for yﬁl, y£2, and )/f (written with accounting for Eq. (3.6)) are

3){1

GIEN)

+ Y4020 = EY (us0) — E¥, (u30),

3)’1;2

dl3o

+ ¥hcio = 5 (us0) — ES,(u3o0),

(3.28)
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W' Ve + vhcio _ ER (us0) + E5y(us0) — ES (uz0) — Sy (o)
dl30 2 2

The analysis and solution of differential Eq. (3.28) [49] show that they describe the dependence with a
unique minimum of the surface tension, similarly to Eq. (3.21) leading to the existence of the surface of
tension. In the general case, however, the existence of a minimum cannot serve as a universal evidence of
the surface of tension. The necessary requirement is that the surface tension defined by moment should
coincide with the surface tension defined by force for a certain location of a dividing surface. Evidently,
the simultaneous validity of the conditions y{; = y™ and ¥}, = 5 is scarcely attainable by moving the
dividing surface. However, the requirement (subscript s refers to the surface of tension)

YU =y (Lo =) (3.30)

is quite realizable and can be taken for the general and rigorous definition of the surface of tension.
Indeed, comparing Egs. (3.20) and (3.29), we obtain the relationship

) (3.29)

9ym P f f f
L"‘Vm(ClO‘FCZO) :l_i_w (331)
3130 313() 2

that exhibits a difference between the derivatives dy™/dl3p and oyt /dl30. This means that the curves
depicting the dependencies of the two surface tensions on the dividing surface location have different
slopes and, therefore, are capable of intersecting to satisfy Eq. (3.30).

Using (3.30), we obtain from Eq. (3.31) for the surface of tension

W _ 8_J/f _yglclo—i_ngCZO (3.32)
dl30 s dlso s 2 ' ’

Turning, for the sake of simplicity, to the diagonal form of the stress tensor and using the simple
equilibrium condition [1] (the general case will be considered in Section 3.3)

Viic10 + Vipea = Eiy(lso) — ES5(130), (3.33)

we can write Eq. (3.32) as

™ (o  ES() — E (o) (3.34)
dls0 s dlzo s 2 ’ ’

whereas Eq. (3.20) takes the form

dy™\ 1 o« E}+ES EP + ES
(d—h)sz E(Vﬁl —¥yh)(e1 —e2) + [E33 - %] - [ - —=— (3.35)
If both the bulk phases, o and B, are mechanically isotropic, Eq. (3.35) is reduced to
dy™ _ (Vi — va)(er — o)
= . 3.36
(i) =5 330

Eq. (3.36) shows that, even in the simple case under consideration, the surface tension minimum can
correspond to the surface of tension only for an isotropic interface. The direct calculation shows that the
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coincidence of locations of the surface of tension and the surface tension minimum already fails for a
circular cylindrical interface [49].

General equations relating surface tensions y™ and y' to each other can be easily found for the cases
when either the coordinate line 3 is straight or the curvature radii are much larger than the effective
interface thickness. In both the cases, Eq. (3.8) holds and causes Eqgs. (3.14) and (3.15), which we now
rewrite in the common form

AB
Yii = / (Eii — Ef®) (1 + cio0) (1 + caor) i (i = 1,2), (3.37)
A

a

where ESB isEjatA < Oand EE at A > 0. Using Eq. (3.8), we also can rearrange Egs. (3.26) and (3.27) to
the form

AP AB
)/El = / (E11 — E(IXIB)(I + 020)\.) d)», )/52 = / (E22 — E(;ZB)(I + C]())L) da. (338)
o A'O(

Differentiating now Eq. (3.37) with respect to ¢ and ¢, and accounting for Eq. (3.38), we arrive at the
relationships sought for:

aym aym
f m 11 f m 22
= - =y - 3.39
Y1 ="Yn alncro Y2 =Vn Incy’ ( )
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f m 11 22
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3.2.3. Transversal surface tension

The existence of the transversal surface tension yy imparts a three-dimensional character to the surface
excess stress tensor p defined by Eq. (3.10). Therefore, it is important for surface thermodynamics to
select cases when yn = 0. A general formula for yy is given by Eq. (3.12) at i = 3, and the dependence of
v~ on the dividing surface location is given by Eq. (3.22). In the simplest case of a flat interface, these
relationships are reduced to

B

20
YN = / (Ess — E53)dz +/ (Ess — E3B3)dz, (3.41)
¢ 20
d
% = Ef;(20) — E$(20), (3.42)
20

where z is the Cartesian coordinate replacing us, zo correspondingly marking the dividing surface location
(the partial derivative in (3.22) has been replaced by the total derivative since all the quantities are now
dependent on z only). The mechanical equilibrium condition expressed in Eq. (2.17) now reads

dE33 B

o = (3.43)
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where f3 is the third component of an external force. If f3 = 0, the value of E53 should be the same along
the z-axis. Eq. (3.41) then yields yy = 0, and we may conclude that the surface excess stress tensor is pure
two-dimensional for a flat interface in the absence of external fields.

The presence of an external field reverses the situation. We illustrate this by the direct calculation of
the transversal surface tension via Eq. (3.41) in the presence of gravity. Let phase o be located below
phase B, and the z-axis is directed upwards from phase o to phase . Using Eq. (3.43) as a barometric
formula (with f3 = —pg where p is density and g is acceleration due to gravity), we have

Z

Exa(2) — B (2) = ¢ / (p— p)dz =gl (), (3.44)

7

where I'™(7) is the current value of adsorption (mass per unit area) on the side of phase « (the boundary
condition p = p™ at z =z has been taken into account). Similarly,

pR(z) — pn(z) =¢ / :(p — pP)dz= — g (2), (3.45)

where I'®(z) is the current value of adsorption on the side of phase 3. Putting (3.44) and (3.45) in (3.41)
yields

P

/ Y () dza— / r#(2) dz] | (3.46)

Yn=2§8

Assuming the local density to decrease monotonously when ascending from phase o to phase 3, we have
I*(z) <0, e (z) > 0, and, therefore, vy < 0. The transversal surface tension is negative in this case, i.e.
changes to a transversal pressure created by gravity.

Differentiating Eq. (3.46) with respect to z,, we obtain

d
éj = g[I™(z0) + I (20)] =T (20), (3.47)

where I1zp) is the total adsorption related to the dividing surface with the coordinate zy,. Comparing now
Egs. (3.42) and (3.47), we arrive at the known condition of equilibrium [52]

ES;(20) — ES5(20) = 8T (20)- (3.48)

Considering the dividing surface as a two-dimensional strained membrane, Eq. (3.48) expresses the
trivial fact that, under gravity, a flat membrane can influence the phase stress difference only with its
weight. Since the total adsorption is dependent on the dividing surface location and the above I'™* and I'®
have different signs, it is always possible to find such position of the dividing surface within the limits of
the interface that the total adsorption becomes zero. Then Eq. (3.48) becomes of the same form as in the
absence of an external field (the equality of stresses in adjacent phases). However, the transversal surface
tension itself remains different from zero and negative, as a certain indicator of an external field.
Turning to the case of a spherical interface, Eq. (3.12) at i =3 and Eq. (3.22) become

1

VN:R_(Q)

Ro RP
/ (Es3 — E&)r2dr + / (Es3 — Eb)r? dr] , (3.49)
0 R

0
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dyn | 2wn g

——= 4+ = =F%(Ry) — E5(R 3.50
where r is the radial coordinate replacing u3, and r = Ry corresponds to the dividing surface location. The
conspicuous identity of Egs. (3.21) and (3.50) for the ordinary and transversal surface tensions raises the
question of validity of the above statement about different behavior of functions y™(Ry) and yy(Ro). If
two differential equations are identical, their solutions should also be identical. Indeed, the solution of
Eq. (3.50)

. — RolBS; (Ro) — B3 (Ro)) | €
N 3 R

(3.51)

is also suitable for Eq. (3.21) if replacing yx by Y. However, the integration constant C is quite different
in the two cases. The integration constant of the Kondo equation is known to be positive, whereas the
constant C in Eq. (3.51) is negative. According to Eq. (3.49), yn should become negative as Ry — 0 since
E5; decreases with Rj. On the other side, y should be positive as Ry — RP. Hence, there always exists
such a dividing surface location inside the interface that corresponds to the condition y = 0.

Naturally, the question arises: if we consider the dividing surface where yyn = 0, does it coincide with
the surface of tension? The reply is easily shown to be positive. It is enough to use the equation
determining the location R, of a spherical surface of tension [53]

R, RP
/ (Eny — EX)(r — Ry)rdr + / (En — ES)(r —R)rdr =0 (3.52)
0 R

and the equilibrium condition (Eq. (2.18) written in spherical coordinates)
d(E33I’2)

dr?
Combining (3.52) and (3.53) leads to the relationship

=FE. (3.53)

Ry RP
/ (E33 — E§L3)I"2 dr + / (E33 — E[333)I"2 dr =0. (3.54)
0 Ry

Comparing Egs. (3.49) and (3.54), it follows that replacing Ry by R, in Eq. (3.49) immediately coverts yn
to zero. Thus, the surface of tension does coincide with the surface of zero transversal surface tension and
secures the pure two-dimensional character of the surface excess stress tensor for a spherical interface.

The plane or spherical shape of an interface is typically realized in the absence of external fields or in
the special case when a field is directed along the normal coordinate. The general case is more complex,
but, to simplify the formulation, we can pass to the total stress tensor obeying Eq. (2.18) even in the
presence of external fields. The inconveniency arising is the necessity of considering off-diagonal
components of the surface excess stress tensor. For a slightly curved interface of an arbitrary shape or for
the case of the rectilinear normal coordinate, a remarkable relationship has been derived [49]

m ] m 0 m 0 3 m
YN = (V§1 - Y1)+ (szz —VYn) — | 100’53 YR == [RZO(V% —¥53)]- (3.55)
8110 8lZO
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Passing to the surface of tension according to Eq. (3.30) eliminates only first two terms on the right-hand
side of Eq. (3.55). Other terms are absent only if the surface excess stress tensor is of diagonal form. It is
known from the tensorial analysis that every tensor can be converted to a diagonal form by turning the
coordinate axes. However, the directions of the coordinate axes, which we have chosen above,
correspond to the interface metrics and cannot be changed arbitrarily. In the absence of fields, the
metric tensor and the stress tensor are typically of the diagonal form simultaneously since the stress
tensor is formed under the influence of the interface metrics. In the presence of external fields of arbitrary
directions, the stress tensor is typically non-diagonal, so that the terms with off-diagonal components in
Eq. (3.55) are retained even for the surface of tension. Correspondingly, the transversal surface tension is
not zero for the surface of tension in the general case.

3.3. General condition of mechanical equilibrium at a curved interface

The most popular relationship in this field is the classical Laplace equation for a spherical interface

2y

& EP —E* = p* — pP (3.56)

that follows from Eq. (3.21) for the surface of tension (y™ = Y'=y, Ry=R)). Many attempts of
generalizing the Laplace equation were reviewed in a number of surveys in the modern literature [1,54—
58]. However, the results obtained referred to the traditional variant of the theory with the rectilinear
normal coordinate, which correspond to a relatively simple interfacial metrics. A more general approach
was suggested later on [47,48] and is presented below.

Let us consider an element of an interface between phases a and 8 within the coordinates u;, u; + Auy;
Uy, uy + Aup; and ug, uE , the last two being located already in the bulk phases (Fig. 7). Using the total
stress tensor (including the contribution of external fields), we write the mechanical equilibrium
condition, Eq. (2.16), for the element as

fEM:Q (3.57)

where E is the stress vector and the integration is carried out over the whole element surface. This surface
consists of six faces, so that the integral in Eq. (3.57) splits into six parts. The integrals for the lower and
upper faces can be written as (E3Al;AL)* and (EgAllAlz)B where Al; = hAu, and Al, = hyAu,. We also
have dA, = Al, dls = Albh; dus and dA, = Al dI; = Al h; dus for the element faces perpendicular to
directions 1 and 2, respectively. We also should take into account that forces applied to the opposite faces
act oppositely. Thus, Eq. (3.57) becomes

o<
3

o

3

uP uP
(E3A11Alz)a — (E3A11A12)B — A/ ’ E1A12h3 du3 — A/ ’ E2A11h3 du3 = O, (358)

u

where symbol A at the integrals denotes their increment when moving along the coordinate lines 1 and 2.

Introducing a dividing surface with coordinate u3 and area AljpAly, divides the element into parts o
and 3 (Fig. 7) adjacent to the corresponding phases. Filling up imaginarily the parts o and 3 with the
matter of phases o and [3, respectively, and assuming them to be at mechanical equilibrium, we can write,
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Fig. 7. The element of a curved interface.

for each part separately, a condition similar to Eq. (3.58):

us( uso
(E3A11Alz)a — Eg(u30)AlloAlzo - A/ E?Alzh3 du3 - A/ EgAlll’B du3 == 0, (359)
U s
u u
ES (u30)Al1gAly — (B3ALAL)P — A / EPALhs dus — A / ESAl ks duz = 0. (3.60)
uzo uzo

Subtracting Egs. (3.59) and (3.60) from Eq. (3.58) leads to the condition
[E%(Hm) — Eg(u30)]All()Alzo — A’YﬁAlzo — A“Y&Allo = O, (361)

where ! and v} are given by Egs. (3.23) and (3.24), respectively. Dividing now Eq. (3.61) by the area
AlpAly and letting Auy and Au,, as well Aljg and Al,, tend to zero, we obtain the local mechanical
equilibrium condition at an interface in the form

_dv o

(3.62)
Eq. (3.62) is applicable to an interface of any shape and curvature. Remarkably, being the most general
among the mechanical equilibrium conditions, Eq. (3.62) is also very simple in form (a reader can
compare Eq. (3.62) with other formulations reviewed earlier, see, e.g. Eq. (4.43) in Ref. [1]). Because of
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its vector form, Eq. (3.62) can scarcely be qualified as a generalized Laplace equation, which, however,
can be deduced from Eq. (3.62) as a consequence.
Expressing the vectors through their components and unit vectors iy, i, and i3, we rewrite Eq. (3.62) as

3
o . )/ 3lk 3)/ 8lk
> (B — Epic = 811"01 +Z i Z 2 +Z Vg (3.63)

In order to evaluate Eq. (3.63) in terms of local curvatures, we have to reformulate the coordinate system
uy, Uy, uz in terms of the local tangent t, normal n, and bi-normal b of the coordinate lines on the surface.
For a spatial line, the standard Serret—Frenet formulas of differential geometry read

dt dn db

— — cn = _ct+Tb — = _-Tn 3.64

a- ™ a- ! (3-64)
where ¢ and T are the line curvature and torsion, respectively. The torsion is zero for our choice of the
coordinate system. Eq. (3.64) may be used to write the derivative factors involving i; (k= 1-3) in
Eq. (3.63) in terms of the local curvature radii. Two cases of interest exist: when t =i; with L =/ and
when t = i, with L = 5. In the first case, the related normal and bi-normal vectors are, n = —iz and b = i,

and the corresponding derivatives are
LN T L R (3.65)
oo Rio’  aly olip  Rio

In the second case, for t =i, the related normal and bi-normal vectors are n = —i5y and b = —i;, and the
derivatives are

oy i3 oip oi; iy
ol Ry’ oy dbo Ry’
After putting (3.65) and (3.66) in Eq. (3.63), we multiply it separately by iy, i,, and i; to obtain three
scalar equations equivalent to the vector Eq. (3.62):

(3.66)

- V13

d dy’
ES, — E[331 _ L+ %n Vi,

) (3.67)
Rio  dlip 0l

f
o V23 87’12 Y

E: (P =72 TM12, T 3.68
32 2 Ry * oo * by’ (5-68)

Y VWi 9V

ES —ES =~ :
33 33 Rio Ry 0lip 0l

(3.69)
Eq. (3.69) is a generalization of the Laplace equation. Remarkably, both Eq. (3.69) and, generally,
Eq. (3.62) correspond to the results of the theory of shells [20,59]. In the absence of the shear
components of vectors 'y‘; and 'yg, Eq. (3.69) takes the form derived first by Buff [52] for the
anisotropic case and changes to the classical form, Eq. (3.56), for the isotropic spherical case. Some
other approaches [60,61], with y;3 = y»3 = 0 as a requirement of the momentum moment conservation
[62] (in the absence of external fields), lead to similar results. However, the surface stress components
(y® or y,,) were not introduced as excess tensions and operated rather as real quantities, which
complicates the comparison. (In some cases, the procedure itself determines the type of tension: it
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should be yj;, for example, when the mechanical equilibrium condition is deduced [63] as corre-
sponding to the free energy minimum).

The three-dimensional aspect of surface tension is illustrated by the presence of quantities %, and ¥4,
in Egs. (3.67)—(3.69). These quantities would be absent if surface tension were a pure two-dimensional
quantity as in the classical Laplace equation. However, passing of Eq. (3.69) to the classical form is also
possible when ygl and ygz are present but are constant along their coordinate lines, so that their
derivatives become equal to zero. Also Egs. (3.67) and (3.68) are maintained in this case. In the simple
case when the coordinate system chosen diagonalizes the stress tensor, ygl and ygz become zeros
automatically. Then Eq. (3.69) again takes the classical form, whereas Eqgs. (3.67) and (3.68) yield the
condition of constancy of yfil and ygz along their coordinate lines:

W _ vy _

= 3.70
olip 0y 70

It should be emphasized a non-trivial character of the condition expressed in Eq. (3.70) since the surface
tension is always considered as dependent on the surface curvature that can vary along the coordinate
lines.

3.4. Fundamental equations and the Shuttleworth—Herring relation

Constructing thermodynamics is deriving fundamental equations. A detailed derivation of interfacial
fundamental equations for excess quantities was presented earlier [1]. However, not all aspects were
touched upon, and their interpretation in modern reviews [45,64] requires additional comments.

3.4.1. How many dividing surfaces are needed?

The most general way of introducing interfacial excess quantities implies the use of two dividing
surfaces on both the sides of an interface. A rigorous formulation of the procedure for a flat interface was
given by Eriksson [65,66]. For example, locating the dividing surfaces at the normal coordinates z* and
z®, we can write the expression for the excess amount #; of the ith species per unit area of the interface
between phases o and [3 as

ZB ™ o0
n; = F?‘+/ cidz+ I'®, ri= / (ci — ¢f)dz, rf= / (¢c; — Pz, (3.71)
z - 2

o 00 B

where ¢;, ¢f', and c? are the local concentration of the ith species and its values in phases o and [3,

respectively; I"Y and F? are the adsorptions of the ith species at the above dividing surfaces only on the
side of phase o and only on the side of phase 3, respectively, the z-axis being directed from phase a to
phase 3. We see that n; is combined of two excess quantities, the one-sided adsorptions I'{ and F?, and
the integral that represents a real amount of the ith species in between the two dividing surfaces. Such a
mixed character of n; complicates its understanding and use (it is used by necessity in the theory of films,
see Section 5.3).

However, there are two simple limiting cases of n;. When z* and z® tend to each other, the first integral
in (3.71) vanishes to yield

n=r*+T?=r; (3.72)
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In this case the two dividing surfaces merge in a single surface, n; becomes a pure excess quantity equal to
the ordinary (two-sided) adsorption, and we pass to Gibbs’ thermodynamics. Since I'{ and F? are
typically of different signs, it is possible to shift the dividing surface to the location where I'; = 0. Such a
location is called an equimolecular surface.

The opposite limiting case corresponds to z* — —oo and z° — oco. Then I'Y and T7; B vanish, and n;
becomes a pure real quantity. In fact, I"{ and F become negligible already at sufﬁ(:lently small
displacements of the dividing surfaces along the z-axis, so that one can say about an interface of a
finite thickness considered as a real physical body. The idea of this approach was forwarded by van der
Waals [67-69] and developed by Bakker [70], Verschaffelt [71], Guggenheim [72], and the author
whose monograph [50] presents the most detailed description of this method and is the counterpart of
the book by Defay and Prigogine [73] describing Gibbs’ method. Regarding an interface as a real
physical body has an advantage that not only equilibrium, but also stability conditions, as well as the
powerful apparatus of the modern thermodynamics of solutions, can be applied to a multicomponent
interface. At the same time, Gibbs’ concept of surface tension as an excess quantity is maintained. The
concept of the interface thickness appears in thermodynamics in a conditional meaning since,
naturally, the absolute interface thickness does not exist. For example, one can define the interface
thickness as the difference z® — z* for such positions of z* and z° on the z-axis where I'* and re
amount to 1% (or 0.1%, etc.) of the integral value in Eq. (3.71). This uncertainty in the interface
thickness does not impede the derivation of main thermodynamic regularities. Moreover, stability
conditions establish the lowest limit for the interface thickness in some cases, which can be verified in
experiments with fluid interfaces [50].

Nozieres and Wolf [74] exploited the idea of two dividing surfaces for a solid/solid interface. In this
case (as in the case of two quite immiscible different liquids), there is a natural boundary surface between
the adjacent phases (with no mass transport through the surface). So it is quite reasonable to choose the
boundary surface as a dividing surface. At the same time, one may introduce the equimolecular surfaces
for both the solids, which cannot coincide and should be separated by a certain distance I. However, this
procedure is principally different from the above method of two dividing surfaces, and the distance / has
nothing to do with the interface thickness (width). The dlfference is that I'; vanishes for the equimolecular
surface as a result of mutual compensations of I} and F in Eq. (3.72), but not due to vanishing each of
'} and F The adsorption is two-sided in thls case, and, hence, we deal with ordinary Gibbs’
thermodynamlcs and with a single dividing surface. We simply compare two positions of the single
dividing surface: the first where I'; = 0 and the second where /3 = 0 (numbers 1 and 2 refer to the species
of phases o and (3, respectively). Distances between various positions of a dividing surface are often used
as parameters in surface thermodynamics (e.g. the Tolman parameter in the dependence of surface
tension on surface curvature, see Eq. (4.15) below), but it would be too inexact to identify them with the
interface thickness. By contrast, the distance between the two equimolecular surfaces of a film can be
a good approximation for the film thickness provided the latter is much larger than the interface
thickness.

Accounting for the said above, it is reasonable to stick to the Gibbs method with using a single dividing
surface as we did earlier [1].

3.4.2. Excess surface strain
Nozieres and Wolf [74] also introduced an excess surface strain as a new concept of surface
thermodynamics that previous theories “were missing” [75]. In their beautiful derivation for a flat
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interface [45], Mueller and Saul showed that, after proceeding to excess quantities, the mechanical work
(2.14) takes the form

AW =AY (yydel + Ey dey), (3.73)

T

where the parallel and perpendicular (to the dividing surface) components of the tensors are taken in the
bulk, A is the surface area, y,; is the surface tension tensor and &y, is the excess surface strain tensor
(whose parallel components are zeros due to the non-gliding conditions). Because of its artificial
symmetry, the strain tensor is easily converted to a diagonal form, so that the only component é,, is
maintained. Multiplied by A, ., yields a relative excess volume, and this is a physical meaning of surface
strain. Since such kind of strain is also proper to fluids, the concept of surface strain is equally applicable
to solid and fluid interfaces. Therefore, a general question arises: after the centenary of development of
the thermodynamics of fluid interfaces, should it be reformulated in terms of surface strain?

To answer the question, let us consider the general definition of excess quantities. Taking an extensive
property M of a system with volume V, we define the density of M as m = M/V or, locally, as dM/dV.
According to Gibbs’ method, we use a single dividing surface and take an excess by integrating over the
volume as in the definition (by moment) of the surface tension tensor (3.10). Quite similarly, we can write
as a general definition

1
hiohao

m

u30 u?
[/ (m — m"‘)hlh2h3 du3 + / ’ (m — mB)h1h2h3 du3] s (374)

o
3 u3o

where m is the excess value of M per unit area. This formula is valid for adsorption, surface energy,
surface entropy, etc. Setting now M = V, we have m = m® = mP = 1 to yield m = 0. To say in words, the
excess volume always and identically equals zero according to Gibbs’ definition of excess quantities. This
statement is well known in surface thermodynamics. We only comment the word ‘““‘always’’. The matter is
that, according to Gibbs’ approach and as it is generally accepted in thermodynamics, all thermodynamic
quantities and equations always refer to a current state of a system. Finding an excess quantity for an
unstrained state, the integration is carried out over the volume of the unstrained system, but, proceeding
to a strained state, we already have to integrate over the volume of the strained system. As a result, we
obtain ¢,, = 0.

The situation would change if we defined an excess quantity as referring to a certain reference state.
This resembles the theory-of-elasticity method adopted in the popular textbook by Landau and Lifschitz
[3] (which we do not follow as was commented in Section 1 regarding the Cauchy and Piola stress
tensors). Not only a hypothetical unstrained state typically assumed in the theory of elasticity, but also an
arbitrarily strained state (including a state with unstrained bulk phases and a strained interface) may be
taken for the reference state. If the system volume in a reference state is V,, we now have V/V, # 1, and
an excess volume appears. Setting m = e, in Eq. (3.74), we can write the definition of excess surface
strain for an interface of arbitrary shape as

B
M30 M3
/ (e — €% )hihohy dus + / (ez — €2 )hihohy dus | . (3.75)

u3o

|
Cu = hiohao [

3
3
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By differentiating (3.75) by u3o, we disclose the dependence of the excess surface strain on the dividing
surface location:

de,,

T — 7
. e e.. (3.76)

If e, is in between e and ef’z (which is a typical situation in the absence of adsorbed layers of foreign
substances), it is possible to find such dividing surface location that ¢;; = 0. The use of this dividing
surface is easily realizable for flat interfaces. In the case of a curved interface, however, the problem
arises of compatibility of this surface with the surface of tension since only the latter is equivalent to a real
interface both by moment and force.

The existence of excess surface strain can be interpreted as a change of the local spacing of a
crystalline lattice at the interface as compared with a bulk phase. This can be easily detected
experimentally by LEED. However, the Gibbs approach explains the same effect in another language,
considering the above change as an excess of matter at the interface (adsorption or, for a single species,
self-adsorption). To derive interfacial fundamental equations, we have to put the items of Eq. (2.85) in
(3.74) to calculate all excess quantities in a similar way. If, in addition, we address a reference state,
excess entropy and other thermodynamic functions become less understandable and operable, and the
whole theory becomes less transparent. On the other side, remaining within the frames of the Gibbs
approach, we can naturally join classical surface thermodynamics and the theory of elasticity based on
the Cauchy stress tensor with no use of a reference state (to be more exact, a current state plays the role of
a reference state in this approach). We now can answer the above general question as follows: one may
but should not reformulate classical surface thermodynamics in terms of surface strain since surface
thermodynamics is self-consistent without this concept. At the same time, surface strain can be used in
particular tasks of the interfacial theory of elasticity when the method chosen corresponds to this concept.
We also can conclude that surface strain was not missed in the classical theory of capillarity; this concept
simply does not exist in the Gibbs approach.

3.4.3. Excess surface chemical potential

What modern theories are really missing is the excess surface chemical potential. We wrote above
about the chemical potential anisotropy. However, the inhomogeneity of the chemical potential of an
immobile species is still more important factor for a solid, and this factor is directly related to elasticity.
As an immobile species (forming the crystal lattice) is not capable of migration (diffusion), there is no
mechanism of leveling its chemical potential in an ideally elastic solid. They usually ascribe the common
value of the chemical potential to the whole bulk phase of a solid, but this can only means that all parts of
the phase are identical by their origin. As for the interface, the inhomogeneity of chemical potential is
here evident, and the excess surface chemical potential inevitably exists.

To illustrate the importance of this concept, let us consider excess relationships following from
Eq. (2.43). As a preliminary, we represent Eq. (2.43) in terms of the hybrid thermodynamic potential
=F — ), u;N; playing the role of free energy with respect to an immobile species and grand
thermodynamic potential with respect to mobile species [1]. As earlier [1], we denote the local density of
£2 as w to rewrite Eq. (2.43) as
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Eq. (3.77) represents three equivalent but different relationships for three uniform directions in a bulk
phase. Applying (3.77) to an interface, we have only two uniform directions k = 1, 2 along the dividing
surface, so that the relationship for k = 3 should be omitted. The surface excess of w is known to be Gibbs’
quantity o (the work of formation of a new unit surface area by cutting), which we termed thermodynamic
surface tension [1,76] since it was a scalar and coincided with surface tension in case of liquids. Setting
now m = w and putting (3.77) in Eq. (3.74) and accounting for Eq. (3.10), we obtain two relationships for
excess quantities

o= (wjwe) +ve (k=1,2), (3.78)

where the angle brackets symbolize excess. Using the definition of isotropic surface tension (3.13), we
also can write (3.78) as a difference between the thermodynamic and mechanical surface tensions

(i) + Hjo)c;)
. .

o—y= (3.79)
If the chemical potential were uniform across the interface, the right-hand side of Eq. (3.79) would be
w;I; where I is the adsorption of species j. Then o = y for the equimolecular surface (I = 0), which is
the well known result for liquids. Thus, Eq. (3.79) clearly shows that the difference between o and y for
solid surfaces is caused by the non-uniformity of the chemical potential of an immobile species across a
solid interface, i.e. by the existence of excess surface chemical potential.

In a similar way, an excess fundamental equation is obtained from Eq. (2.85) which we, for the sake of
convenience, can write as

3 3
A2 =—SdT + VY Epmdem + Y _pju dNjgy — > _ Nidp;. (3.80)
k=1 i

Im=1

The procedure was described in detail in [1], and only a small correction should be made. The normal
component of chemical potential 1; does not contribute to the excess equation not because of the
uniformity of 1) (of course, i3y should be non-uniform across the interface similarly to 11y and (j.2)),
but due to the obvious condition dN;y =0 with respect to the interface (adding matter in the normal
direction can enlarge only the bulk phases and produces no excess). The resulting equation is [1,77]

R dN
do = —5dT + (5 — o) : (de" =S4 ) =57 rydu,, 381
o =—5dT + (y —ol) <e Nj) Z L (3.81)

where § is the excess surface entropy per unit area and two dots denote a biscalar product of tensors (cf.
(2.13)). The two-dimensional tensor €7 becomes identical to the strain tensor el.‘, in Eq. (3.73) provided
dN ;7 = 0. Otherwise tensor €° is of more general meaning, and the difference dé° — dN /N, is written to
avoid translational motion of a two-phase system as a whole with no change in state. Eq. (3.81) seems to
contain no contribution from the excess surface chemical potential, but this is not true: this contribution is
masked in the difference y — ol.

Eq. (3.81) has two consequences of paramount importance. First, for liquids (when = y{ and o = y)
and for non-deformable solids of a given mass (when dé° = 0 and dN ;i = 0), Eq. (3.81) yields the Gibbs
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adsorption equation, a central relationship of the theory of capillarity

do = —5dT — Z Iidu;. (3.82)
i

Remarkably, the Gibbs adsorption equation turns to be valid not only for fluid systems (for which Gibbs
derived it), but also for rigid solids, which justifies numerous “illegal” applications of the Gibbs
adsorption equation to the case of adsorption on solid adsorbents. The presence of o in the Gibbs
adsorption equation for solids also explains why o can be termed the thermodynamic surface tension.

Second, at constant temperature, chemical potentials of mobile species, and the amount of an
immobile species, Eq. (3.81) yields the Shuttleworth—Herring relation [78-80]

ﬁon%, yst=o+§7‘§,t, (3.83)
which seems to be the most popular relationship of the theory of solid surfaces. Eq. (3.83) was many
times derived in the literature in different ways. Recently, Mueller and Saul [45] showed that the
derivation of the Shuttleworth—Herring relation at ignoring the non-uniformity of chemical potential
requires double introducing the surface area: the first time as corresponding to the creation of a new
surface and the second time as corresponding to the stretching of an existing surface. The duality of such
simple notion as surface area enlarges the shortcomings of such theories. We should also mention some
alternative formulations of the Shuttleworth—Herring relation [81,82], which seem to be misunderstand-
ings and were correctly criticized [45].

Eq. (3.82) shows that positively adsorbed substances lower the thermodynamic surface tension o. As
for the (mechanical) surface tension y, direct experiments with bending thin plates after one-sided
adsorption clearly manifest a similar influence of adsorbed foreign species on surface stress, which was
lively discussed in the literature (see reviews [37,45,64]). A generalization of the Gibbs adsorption
equation in terms of y was given in due time [76], but was not included in our previous review [1] because
of its relative complexity. In a parallel publication by Halsey [83], a simple method of passing from o to y
was suggested based on the Eriksson equation [84] (a particular case of Eq. (3.81) for an isotropic state)

do = (y —o0)dlnA — ', du, (3.84)

where A is surface area and subscript 2 refers to an adsorbate. From Eq. (3.84), the relationship follows

dy 8(F2A)>
L 7 3.85
(), (), 639

which predicts a decrease of surface tension with increasing the adsorbate chemical potential with an
accompanying increase of adsorption. Indeed, the total excess amount of a positively adsorbed substance
I'>A can only increase when the surface is enlarged by stretching, so that d(/3A)/0A > 0 and dy/dp, < 0
(the plate side with adsorbate should become convex in experiments with thin plates). A more detailed
description of this case can be found in review [45]. The modern data on the numerical values of o and y
are summarized in reviews [37,45,64,85,86]. Methods of measuring o and y are described in monograph
[87].
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4. Nanothermodynamics

We can define nanothermodynamics as the thermodynamics of nanoparticles, nanostructures, and
nanosystems (i.e. systems consisting of a large number of nanoparticles). It follows from this definition
that a nanoparticle is a principal object of nanothermodynamics. As for a nanostructure, it can be
understood not only as the structure of a single nanoparticle, but also as a structure formed by a
conglomerate of nanoparticles of any size. A distinctive feature of a small particle is the dependence of its
properties on the particle size, which was recognized still in the classical theory of capillary due to the
Laplace Eq. (3.56). Speaking about the internal mechanical state of a small particle, not only the surface
stress of the first monolayer, but the whole surface tension y is important. A nanoparticle differs from a
small particle at all in that respect that the surface tension itself manifests its size dependence, though this
only play the role of a ‘““fine structure” in the whole effect. Although thermodynamics never deals with
the process mechanism or acting forces, it is appropriate to mention the influence of the quantum-size
effects of surface energy and on the dependence of surface tension on the particle size (to make it
sharper).

An excess stress created by surface tension in a solid particle causes its strain. In the simplest case of an
elastic isotropic spherical particle, the pressure p* inside the particle is related to the radial strain AR/R as

o

3KAR
p = —

R 4.1

where K is the dilatation modulus. Reckoning the pressure and strain from the standard state
corresponding to the external pressure p® and applying Eq. (3.56), we can rearrange Eq. (4.1) to the form

_ 2y

AR =
3K’

4.2)
from where it follows that the absolute radial deformation AR is independent of the particle size at still
constant y and K (i.e. for large particles). Since AR is composed of the increments of interatomic
distances in the course of strain, the latter should increase with decreasing the particle size and can be
measured by LEED (the particles are assumed to be sufficiently small, but considerably exceeding the
interface thickness). If AR is determined from experiment, Eq. (4.2) estimates surface tension. In this way
the values of y 1.4, 1.2, and 2.6 Nm ™! were obtained for small particles of silver, gold and platinum,
respectively [88-90].

The surface tension of small particles also influences their chemical potential, which is of importance for
the processes of particle nucleation and growth. They now pay attention to the synthesis and growth of
nanoparticles in closed or quasi-closed systems, such as polymeric matrices, (see reviews [91,92]). Since
Gibbs created only the thermodynamics of open systems, this problem requires a special consideration [93].

4.1. Influence of surface tension on chemical potential of a nanoparticle

To make our derivation quite transparent, we first consider the case of a liquid particle when nucleation
is condensation. For a spherical drop («) with surface tension o and radius R, a trivial relation holds

2 o
w* = ud, + Sy (4.3)
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where u$ is the limiting value of the molecular chemical potential £ at R — oo and v* is molecular
volume (that is assumed to be constant). Although Eq. (4.3) implies the mechanical surface tension y
(because of the Laplace equation), we use the symbol of the thermodynamic surface tension o (which is
numerically equal to y for liquids) for the reason that will be clear below when passing to the case of a
solid particle. From (4.3) we have

du® 200  2v* do

—_— = —_— . 4.4

dR R? + R dR 44
Outside of the nano-scaled range of R, when surface tension is still constant, Eq. (4.4) predicts a decrease
of chemical potential with increasing the drop size. The situation can change for a nanodrop whit a size-
dependent surface tension. In particular, chemical potential will grow if

do S o
dR ™ R’
Differentiating (4.4) yields

4.5)

2, 2
Cut_do 4 do 2 & wo
dRZ  pR® pR*dR pR dRZ
that shows the ©*(R) curve to be concave at least for large R.

Eq. (4.3) implies the existence of a bulk phase (o) inside a drop. It may happen, however, that a small
cluster (symbol o) consists of a monolayer of sized molecules (as for solid particles, only the surface
monolayer is typically capable of exchange with the surrounding medium irrespective of the particle
size). In such a cluster, a dividing surface passes through surface molecules as if cutting their volume v”
into two parts. A part of a molecule with volume v? will be in phase o under the pressure p®, and the other
part of volume vg will refer to outer phase 3 with pressure pP. Herewith, the evident relationship holds

v =00 + vg. 4.7

In addition, surface molecules are subjected to the action of surface tension. Then, in place of the standard
relationship du = vdp at fixed temperature and composition, we now have

du” = v dp® + v dpP — ado. (4.8)

where a is the dividing surface area per a molecule (the term —a do is substantiated in the surface
thermodynamics [50]). Using Eqgs. (4.7) and (3.56), Eq. (4.8) can be written as
dp  dpP 2009 <2v§ ) do

- e N Rl 49
& U AR R R Y)ar 4.9

Let us see what conclusions follow from Eq. (4.9).

We first consider the case when the outer pressure pP is maintained constant. This is typical for open
systems, but can be realized in closed systems with a soft capsule. If surface tension is still constant, we
have from (4.9)

du’ 2007
( o > — T (4.10)
T
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which differs from the standard relationship of the nucleation theory only by replacing v* by v.
Qualitatively, the result is traditional: chemical potential decreases with increasing the drop size. The size
dependence of surface tension is involved in the range of sufficiently small (1-100 nm) radii. It plays a
certain role the sign of the coefficient of do/dR in Eq. (4.9), which, in its turn, depends on the drop size.
For surface molecules, a is usually larger than 2v? /R at radii exceeding the molecular size. Then, for
passing to a symbate dependence of 1 on R, surface tension should decrease with the particle growth and
obey the condition

do o

R ~ R(aR/w —1) ¢-11)
This condition is realized, for example, in surfactant micelles. Thus, the symbate type of dependence of
1’ on R is possible on the nano-scaled size range, and, therefore, a maximum of chemical potential is
possible in the range between macro- and nano-scaled radii.

Turning now to limitedly small radii, we have to consider the opposite condition a < 2v? /R. The case
when q is initially small as compared with 207 /R is of no interest (this means that a molecule is situated
inside the drop and is subjected to the analysis given at the beginning of this section). But, even if the
dividing surface bisects a molecule at its widest dimension, this condition turns to be real for a limitedly
small R. For example, a = nR* < (4/3)nR*> = 21% /R for spherical molecules. We then again arrive at the
condition expressed in (4.5) for the symbate dependence, which is scarcely fulfilled [50]. If, nevertheless,
one accepts the symbate dependence for limitedly small radii, one should permit the existence of one
more extreme of the chemical potential (a minimum, this time) at a radius smaller than for a maximum.

We now discuss the cancel of the pressure constancy in the surrounding medium. Let a phase transition
proceed in a closed system of a given volume. If the molecular volume is smaller in phase « than in phase
B, the particle growth is accompanied by decreasing p® (the gas condensation is a typical case). The first
derivative on the right-hand side of Eq. (4.9) is negative in this case, and nothing changes in the above
consideration. If, the reverse, the molecular volume is larger in phase o than in phase 3 (which is evident
to be a condensed phase), the derivative de/dR is positive. Its value increases with R, so that, sooner or
later, this derivative will prevail in the whole Eq. (4.9) (it is known what enormous pressures develop, for
example, in the process of ice crystallization in a closed vessel). Then the derivative diu°/dr becomes
positive at a sufficiently large R, and we come to the conclusion of inevitable arising one more minimum
of chemical potential when passing from a nano- to a macro-size of phase a.. Thus, our arguments detect
the possible existence of three extremes in the dependence of chemical potential «” on the drop radius,
two minima and one maximum. As for the chemical potential 1P, its behavior is considerably simpler. ?
is usually constant in open systems. In closed systems, the surrounding medium is depleted with the drop
matter in the course of the drop growth, and, hence, £ monotonically decreases with increasing R. The
decrease rate is accrescent and acquires its maximum value (duP/dR = —o0) at attaining a maximum
possible value of R (when the whole matter has overpassed to phase o).

Considering the dependence of the drop formation work W on the drop size, minima correspond to
stable and maxima to unstable states of equilibrium. It was established that the derivative of W with
respect to the drop molecular number n equals the difference between chemical potentials inside and
outside the drop [50]:

dW_ o B

W o B 4.12
i r e (4.12)
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It follows from (4.12)
d*W  duo dubP

= 4.13
dn?  dn  dn’ (4.13)
and we may write the stable equilibrium condition as
du®  dubP dp®  duP
o_ B 4.14
KRS " " " @R @R (+19)

According to Eq. (4.14), the equilibrium states are easily found as intersection points of the curves of
dependence of chemical potentials 1% and P on the particle size, while the comparison of their slopes
(accounting for the sign) at an intersection point determines the state stability. Fig. 8 illustrates the case of
an open system when the state of the surrounding medium is fixed. The 1P(n) plot is a horizontal line
whose level characterizes the degree of saturation of the surrounding medium with the particle matter. At
ubP = ,ulf the surrounding medium is undersaturated with respect to formation of a stable particle, but
supersaturated with respect to formation of a macroscopic phase. The case corresponds to the classical
nucleation theory of Gibbs and Volmer with a unique unstable particle of the critical size. Increasing ;®
to Mz leads to arising a second equilibrium particle size where the particle is stable with respect to growth,
but unstable with respect to the size decrease. Above this value (say, at M3) the surrounding medium
turns to be supersaturated with respect to both a macroscopic phase and stable particles. In this situation,
already three equilibrium particle sizes occur, of which two correspond to unstable particles, the largest
particle as the above critical nucleus of a macroscopic phase and the smallest one as a critical nucleus of a
stable particle. At uP = ,uf is attained the limiting supersaturation with respect to formation of a stable
particle. Above this value (say, at [LS) the stable particle formation proceeds with the barrlerless
mechanism; there are only two equilibrium particle sizes and no critical nucleus. Eventually, at Mﬁ, the
limiting supersaturation is attained with respect to formation of a macroscopic phase. This state itself still
admits the existence of a unique equilibrium particle (stable to decreasing, but unstable to growth),
which, however, becomes impossible at larger values of ,uB (when the spinodal decay occurs).

Passing to a closed system, the dependence ,uB(n) arises (Fig. 9). Its curves can also be positioned on
various levels, respectively to the matter amount in the system. This case differs from the previous one in
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n

Fig. 8. Stable (filled circles) and unstable (empty circles) states in the curve of the dependence of the molecular chemical
potential of a particle u” on the particle molecular number 7 at six given values of chemical potential ©® in an open system.
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n

Fig. 9. Stable (filled circles) and unstable (empty circles) states in the curve of dependence of the surface chemical potential ;1
of a particle on the particle molecular number  at three initial values of chemical potential .® in a closed system for the case
when the matter concentration inside the particle is larger than in the mother phase.

two respects. First, there are no equilibrium states at all if the initial chemical potential value uP(1) is
smaller than a certain value ,u[f (1) (the counting of n begins with unity). In other words, the phase process
does not proceed if the initial supersaturation does not exceed a certain value. Second, when
pP(1) > uf(1), all the curves uP(n) intersect the curve 1°(n) by necessity, creating one more stable
equilibrium state (Fig. 9). This state corresponds to the largest (up to macroscopic) particle size and is
realized at unlimitedly large supersaturation. As for the other intersection points for the curves 1”(n) and
wP(n), they have the same meaning as in the above case of an open system.

Fig. 9 refers to the case when the matter concentration (density) in a particle is larger than in the mother
phase. To make the picture complete, Fig. 10 exhibits the opposite case when growing particles in a
closed system possess lower density in comparison with the matter concentration in the surrounding
medium (as, for example, at the formation of an ice particle in water). Fig. 10 differs from Fig. 9 in the
location of the points of additional stable particles. In both the figures, it is conspicuous the existence of
even four equilibrium particle sizes at the position of the curves 1®(n) within the interval between ,uff (n)
and the curve corresponding to the limiting supersaturation with respect to formation of the smallest
stable particle (,u3B (n) falls in this interval). The latter arises not always and not in any system (for
example, it is typical for micellar systems). So the form of the dependence of 1 on n can be simpler that
in the above case that we analyzed as the most interesting for nanothermodynamics.

p
L]

n

Fig. 10. Stable (filled circles) and unstable (empty circles) states in the curve of dependence of the surface chemical potential
of a particle on the particle molecular number 7 at three initial values of chemical potential 1® in a closed system for the case
when the matter concentration inside the particle is lower than in the mother phase.
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The application of the above analysis to isotropic solid particles requires some comments. According
to Eq. (2.42), the chemical potential of an immobile species is directly dependent on the stress tensor.
Therefore, not o but y (now different from o) should stand in Eq. (4.3) to determine the chemical
potential of a solid. On the other side, as was first shown by Gibbs and confirmed by the subsequent
analysis (see, e.g. [94-98]), the equality of the chemical potential values in a solid and fluid phases at
equilibrium is realized only for a flat interface (see Egs. (2.24), (2.25), and (2.41)). If the solid surface is
curved, its true chemical potential (not speaking about the chemical potential in the solid bulk) differs
from the chemical potential of the same substance in an adjacent fluid phase even at material
equilibrium. However, there is a quantity, just defined by Eq. (4.3), that should be approximately
equal to the chemical potential in the fluid phase (to be more exact, the term 20/R should be taken in
combination with the derivative do/dR). This quantity would be equal to the chemical potential within a
nanoparticle if its surface tension coincided with o. Since just this quantity governs the matter transfer, it
can be called the effective chemical potential of an immobile species in a nanoparticle. The effective
chemical potential is evident to be used when constructing the affinity of a process with participation of
nanoparticles. Thus, to conclude this section, we may say that the above analysis is quite applicable to
isotropic solid particles.

4.2. Dependence of surface tension and surface energy on the nanoparticle size

The surface curvature dependence of surface tension is one of the central problems of the theory of
capillarity and has been under discussion for a long time. The classical Gibbs—Tolman isotherm for fluid
interfaces reads

dino  (28/R,)[1 +8/R, + (8/R,)*/3]
dInRs 1+ (28/R,)[1+8/R, + (8/R,)*/3]

(4.15)

where Ry is attributed to the surface of tension and § = R — R, (R is the radius of the equimolecular
surface) is the Tolman parameter. Expanding Eq. (4.15) in the vicinity of a flat interface (R; = R = 00)
yields

o B (4.16)

O R
that predicts qualitatively opposite effects (increasing or decreasing surface tension) when curving a flat
interface in different directions. The opposite limit (R; — 0) requires a monotonic linear decrease of
surface tension irrespective of the curvature sign [50]. This means that increasing surface tension at
curving a flat interface should be followed by a maximum of surface tension. The first statistical
mechanical calculation of § [99] yielded a positive value for a flat surface of argon, so that it was adopted
for a long time that the surface tension monotonically decreases with the drop radius for a drop and passes
through a maximum for a bubble. However, the modern data are not always in agreement with this
concept [100-102]. Moreover, returning to our molecular dynamics data on argon clusters [103] (which
was the first computer simulation on the mechanical surface tension), we could now provide another
interpretation. The computer experiment was carried out at a reduced temperature of 0.75 (90 K) when
argon clusters can be regarded as liquid with y = o. Fig. 11 shows the results. The y versus R plot scarcely
looks as an asymptotic curve and rather conveys the suggestion that the curve intersects the horizontal
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Fig. 11. The molecular dynamics simulation of the dependence of the surface tension of argon clusters on the cluster radius
[100]; y and R are represented in units &'/0’> and o’, respectively, where ¢ and ¢’ are the parameters of the Lennard—Jones
potential.

line depicting the surface tension macroscopic value and, only after passing through a possible
maximum, acquires its asymptotic behavior (which would correspond to § < 0). The general opinion
now is that § is small and rather negative, than positive for argon.

The size dependence of surface tension is especially important for nanoparticles. When relating this
problem to the kind of pair interaction [104], one also touches the problem of surface energy [105]. As
was stated above, Gibbs defined o as the work of formation of unit area of a new surface by cutting.
Applying this definition to the formation of a curve interface, we can imagine a ball of matter transferred
from the interior of a bulk phase to a vacuum. At zero temperature, the work of transfer of the ball from a
fixed position in the bulk of a condensed phase to a fixed position in a vacuum is evident to equal the
energy of cohesion of the ball with its surroundings in the bulk phase. Using the molecular pair potential
@(r1») (which inserts, naturally, a certain error as compared with a multi-body potential) the above
cohesive energy, Uj,, is given by the expression [106]

0 y+r
Up = 47r2/02/ Ydy/ D(ri)ralr? — (v — r12)’] dra, “.17)
r+d y—r

where p is the molecular number density in the bulk phase, r the ball radius as the distance from the ball
center to the centers of its surface molecules and d is the minimum intermolecular distance (the molecule
size) in the bulk phase (Fig. 12). For the particular case of dispersion forces (D(ry) = —)Lrl_f) and
choosing d as unit length, Eq. (1) yields

nszA
12

Upp=—

1
[4R2 —41In(2R) — W] : (4.18)

where A is the London constant and R = r/d + 1/2 is the dimensionless radius of the equimolecular
surface (Fig. 12). By dividing (4.18) by the surface area 47R?, we obtain the expression for the cohesive
energy u;, of a curved interface per unit area

PP {1 ~In(2R) 1 ] .

upp(R) = (4.19)

12 R 16R*
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)

Fig. 12. The interaction of a ball of matter inside a condensed phase with its surroundings.

Passing to the limit R — o0, Eq. (4.19) changes to the well-known expression for the dispersion-forces
cohesive energy of two half-spaces separated by a flat slit of width d (d =1 this time) [107]:

TP
12

ulz(OO) = (420)
Since we integrated from a smallest distance, the question arises about the role of repulsion energy. Using
the Lennard—Jones potential O)(ry;) = —)»rl_f + Arlez, we can calculate the contribution of repulsion
energy just in the above way. This contribution depends on R, but is small at large R. In particular, when
taking the repulsion energy into account, (4.20) is replaced by

B 297 %A
360

ups(o0) = @.21)

which shows the repulsion energy to amount only about 3% in the limit R — co.The opposite limit
R — 1/2 (when the ball includes only one molecule) requires a separate calculation in the point-force
approach since Eq. (4.19) based on the integration over the ball volume, yields #;, =0 when the ball
degenerates into a point. The result is

1 o0
lh2<2> ::4an( D(r12)ri, dri (4.22)
or, using the Lennard—Jones potential,

1 1 1 8
) =dapr( -5 ) = —-mpr 4.2
U12<2> 0 (9 3) 971,0 , (4.23)

where the contribution of repulsion amounts 1/3 of that of attraction. In the dimensionless units used, the
volume of a spherical molecule is 77/6 and its surface is 7, so that the cohesive energy per unit surface area
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for a single molecule is

1\ Un(1/2 8
u12<§) = % =~ 5P (4.24)

Assuming the structure of matter unchanged (as a consequence, e.g. of incompressibility and zero
temperature), the work of disjoining of the ball and its surroundings is just equal to the reverse cohesive
energy. Then surface energy ¢ (coinciding with the thermodynamic surface tension o at zero-temperature)
is defined as half of reverse cohesive energy per unit surface area. So we have from (4.19) (neglecting the
contribution of repulsion)

2
TP In(2R) 1
e(R) =5 {1— 5 — e (4.25)

which exhibits monotonic increase of surface energy of a nanoparticle with its size. Expanding (4.25) ina
power series of 1/R (b=In2 + 1/2 = 1.193)

2
o(R) = <n§4k> (1 _%+ ) (4.26)

we discover the absence of a linear term in contrast with Eq. (4.16). This effect is predictable. Cohesion
energy equally belongs to the convex and concave surfaces in touch with each other if they possess
identical structures (coinciding with the structure of the bulk phase). As a result, the surface energies of
both of the surfaces are the same and, therefore, are independent of the curvature sign, which is possible
only in the absence of a linear term in (4.26). So we can conclude that a linear term can appear due to
effects of entropy (at temperatures above zero) and of specific surface structure (different for the convex
and concave surfaces) as a consequence of non-zero compressibility.

In two opposite limiting cases R = oo and R = 1/2, we have from (4.21) and (4.24) (an exact results
accounting for repulsion)

297 p? A
= — , 427
¢ 720 (4.27)
4
o =g P (4.28)

for a macroscopic body and a single molecule in a vacuum, respectively. From (4.27) and (4.28) we
obtain

&1 4 x 720 NE

—_— == 4.29
o 29%x9xmp 0 ( )

The result is not surprising: it is much more difficult to extract a molecule from the bulk than to transfer
the molecule to the surface. The particular value of ¢,/¢., depends on the p value (1 < p < 2) that, in its
turn, depends on the type of packing. p =1 and &,/e,, = 3.5 for the cubic packing. The most compact
packing of hard spheres requires p = 1.4 and ¢,/e,, =~ 2.5.
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4.3. Phase transitions in nanoparticles

At studying the process of comminution of solids, it was discovered that one more polymorphous
modification could be found in nanoparticles. Formation of a polymorphous modification is a phase
transition (of the first or second order), so that one may conclude that phase transitions can occur in the
process of dispergation. Already 16 cases of such transformations had been known by 1979 [108]. The
mechanism of phase transition in a nanoparticle can be modeled in various ways [108—110]. However,
due to its small size, a nanoparticle changes its phase state practically instantaneously so that it is hard to
imagine the state of equilibrium between two phases inside the particle. In this case, it is more reasonable
to compare the Gibbs energy values for the nanoparticle as a whole before and after the phase
transformation. Since the amount of matter in the particle does not change herewith, it is enough,
for such consideration, the truncated variant of thermodynamics (without chemical potentials) usually
used in the mechanics of continuum media [3]. We only complement this variant with the account for
surface phenomena [111].

We begin with the fundamental equation for the free energy, F, of a nanoparticle represented as a
combination of a uniform bulk phase a and a piecewise-smooth (faceted) surface:

dF = —SdT + Vo > ESdeS + > Ajp > (v dely + Eifey i), (4.30)
s\t J 8.t

where V), is the particle volume in a strainless state (a constant quantity in the strain process) and Ajo is the
area of the jth surface part in the strainless state, the last term corresponding to Eq. (3.73). If a
nanoparticle is subjected to external mechanical actions characterized by the stress tensor EE, (considered
to be uniform along the nanoparticle surface for the sake of simplicity), the stable state of the nanoparticle
is a state with a minimum value of thermodynamic potential @ (an analogue of Gibbs energy) defined via
free energy F as

S=F -V, Z EBeC. (4.31)
s,t

Differentiating Eq. (4.31) and expressing dF according to Eq. (4.30), we obtain
d® = —SdT + Vo Y (ES — E8)del — Vo ) €S dES +> "Aj0 > (v de‘]'.(m + Ejiy deje).
st st J st

(4.32)

By the equilibrium conditions, the function @ must have a minimum at given 7and EE, Therefore, the
second and fourth terms on the right-hand side of Eq. (4.32) should cancel each other (which forms the
mechanical equilibrium condition) to yield

d® = —SdT + Vo ) e dES. (4.33)
st

Note that Eq. (4.33) would be an ordinary fundamental equation for a mechanically anisotropic phase (o)

provided quantity EY, stood in place of Eft However, Eq. (4.33) refers to a particle of any complex

structure including its surface layer (according to Gibbs’ method, the action of the strain tensor e, is

extended, as well as volume Vj, to include the whole particle).
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Let phase a to have a polymorphous modification o’. We may write the same Eq. (4.33) for phase o'
Then subtracting one equation from the other, we obtain

dA® = —ASdT — A( VOZe dE®), (4.34)

s,t

where A symbolizes the difference of a quantity for the two modifications (A® = @ — @', etc.). Phase a
is more stable at @ < @’ and phase o’ is more stable at @ > @'. If, however, A® = 0, both the phases are
equally stable, and, therefore, the particles of both the modifications can exist with equal probability. For
such states Eq. (4.34) changes to the equation

ASAT = —A(V, Z e dEP) (4.35)

showing how the temperature of the polymorphous transformation of a particle depends on external
mechanical actions. Since Eq. (4.34) acts at a constant amount of matter, all extensive quantities in
Eq. (4.35) may be treated as molar quantities.

Proceeding to the analysis of Eq. (4.35), we first turn to the simplest case when the external action is
isotropic: E‘?, = — pP8,, where 8, is Kronecker’s delta. Such situation is realized, for example, when a
particle is in a medium (liquid or air) with uniform pressure (the influence of gravity is negligible because
of a small particle size). Because of the complexity of the interface shape, the condition of isotropy of
external action is not yet enough to make the particle internal phase o also mechanically isotropic. So the
particle interior and, all the more, the surface layer of the particle can stay mechanically anisotropic.
Putting the above isotropic value of Ef, in Eq. (4.35) at using Eq. (2.12) reduces Eq. (4.35) to the form

ASdT = A(V — Vy) dpP, (4.36)

where Vis the current particle volume. If the initial volume of a particle in the strainless state V{y is chosen
the same for both the modifications (as did Coe and Paterson [36] in their analysis of the polymorphous
transformation of quartz), Eq. (4.36) is exactly reduced to the Clapeyron—Clausius equation

dr _av. (4.37)
dpB AS

This is a truly amazing fact since we consider not the two-phase equilibrium at a flat interface (when the
Clapeyron—Clausius equation acts), but a polymorphous transformation in a non-uniform particle with a
closed surface. The only condition of applicability of the Clapeyron—Clausius equation to this case turns
to be the use of external pressure pP instead of real pressure p* whose action causes phase transition.
However, external pressure is just that tool that is used by an experimentalist to influence the phase
transition process in a particle (in more general Eq. (4.35), the stress tensor EE includes kicks, impacts,
shear stresses, and all that happens with particles in the comminution process).

As initial Eq. (4.30), Eq. (4.35) is confined with the condition of the constancy of the number of
molecules in a particle. Eq. (4.35) shows how external pressure influences the phase transitions
temperature in a particle with a given number of molecules, but says nothing about the dependence
of the particle structure on the molecule number. Regarding the question how the structure of matter
changes in the process of its comminution, we should be guided by the reasoning of Sections 4.1 and 4.2.
In addition, we can similarly derive, for the separately-taken phase transformation a — o, the equation
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analogous to (4.35) (EE, is replaced by EY)):
ASAT = —A(V, Z e dE®). (4.38)
5.t

For a mechanically isotropic state, Eq. (4.38), with the account for (2.12), is reduced to the relationship
ASdT = A(V — V) dp* (4.39)

or, at the same choice of the initial volume Vj, for phases « and o, to the ordinary Clapeyron—Clausius
equation

ar = av (4.40)
dp* AS

If bulk phase a exists inside a nanoparticle (due to its sufficiently large size), the application of
Eq. (4.40) to the particle does not yet form a direct criterion of phase transformation of the particle. This
occurs since surface properties are also important for the particle (for example, a transition predicted by
Eq. (4.40) can be unrealizable because another modification has too high surface tension). Although the
reasoning of necessity of taking into account the anisotropy and surface properties of a particle was
formulated in the literature long ago, the use of the Clapeyron—Clausius equation was the main element of
the analysis of phase transformations in the comminution process [108]. Actually, the Clapeyron—
Clausius equation only indicates the tendency of the process (which, of course, is also useful). We explain
this with an example. If surface tension is positive and the derivative d7/dp® negative, we know that
pressure inside particles increases and the phase transition temperature decreases with decreasing the
particle size in the comminution process. When the phase transition temperature becomes equal to the
real temperature of the system, there can be no phase transition because of surface phenomena. However,
we may think that phase transition will occur, sooner or later, in the process of further comminution.

It is known that the derivative d7/dp® in the Clapeyron—Clausius equation can be of any sign, although
molar volume always decreases with increasing pressure under isothermal conditions and molar entropy
always increases with temperature under isobaric conditions. The case of positive slope of the line of a
polymorphous transformation in the state diagram 7 — p® is accounted to be normal, and the case of
negative slope is accounted to be abnormal. It was claimed by Lin and Nadiv [108] that belonging to this
two cases also determines the character of phase transition in the comminution process: matter changes to
more dense modification in the normal case and to less dense modification in the abnormal case.
However, the connection between these phenomena seems to be problematic. It seems as if the transition
to a more dense modification at comminution is still more probable in the abnormal case than in the
normal one since inevitable heating (in the process of comminution) works in the same direction as
increasing pressure in particles. That fact that, at comminution, CaCOj3; subsequently passes the stages of
vaterite (density 2.64 kg/l), calcite (density 2.72 kg/l), and aragonite (density 2.95 kg/l) [108], can be
explained by a positive value of surface tension and by compression of particles in the comminution
process, but not by belonging the phase transitions of CaCO; to the normal case. As for the
transformation of massicot (density 9.64 kg/l) into litharge (density 9.35 kg/l) at the comminution of
PbO, this transition, although abnormal indeed for bulk phases, can be explained either by negative
surface tension (unless this will be controverted experimentally by independent measuring surface
tension) or by the role of shear stresses and strains not taken into account in the Clapeyron—Clausius
equation.
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It is of interest the case of zirconia. Its synthetic tetragonal modification (density 5.86 kg/l) with the
particle size 15 nm completely changes to the monoclinic modification (density 5.74 kg/l) at mechanical
treatment. However, at decreasing the particle size to 10 nm, the monoclinic modification is again
consolidated to the tetragonal one [112], although this polymorphous transformation in the bulk refers to
the abnormal case (the monoclinic modification of ZrO, transforms into the tetragonal one at heating up
to 1100 °C). Such behavior of zirconia can be explained as follows. The tetragonal modification is
metastable at a room temperature and should spontaneously transform into the monoclinic modification.
Mechanical treatment activates this process. However, the pressure inside particles increases and the
polymorphous transformation temperature decreases as the particle size diminishes, unless (as it turns, at
the particle size about 10 nm) the reverse process occurs, the transformation of the monoclinic
modification into the more dense tetragonal modification.

All the said above referred to first-order phase transitions. For second-order phase transitions, AS =0
and AV =0, so that the Clapeyron—Clausius equation becomes indeterminate. Phases o u o’ become
identical at the point of a second-order phase transition. Therefore, not only thermodynamic potentials of
phases, but also any other quantities (the first derivatives of thermodynamic potentials are advisable to
obtain non-zero values for the difference of the second derivatives of thermodynamic potentials) may be
equated. Regarding the number of molecules in a particle to be fixed, we choose the particle volume Vas
such quantity and as a function of temperature and the external stress tensorEl%(:

1% 1%
dv=|(—) dr+ — dER =VvedT +V o dEP 4.41
(7)o 2 B)m? : > @41

st st Lt

Here the following designations have been introduced for the sake of brevity: 6 is the thermal dilatation
coefficient, x,, the isothermal compressibilities corresponding to the components of the stress tensor (in
bulk phases, molar volume is not sensitive to the non-diagonal components of the stress tensor; in the case
under consideration, however, any change in the particle shape means a change in its surface area
accompanied by adsorption and the volume change).

Applying now Eq. (4.32) to phases o and o’ and equating the resultant expressions, we obtain the
equation of the hypersurface of a second-order phase transition in the state diagram

AOdT = — Z Ay, dEB. (4.42)

st

Similarly to Eq. (4.35), Eq. (4.42) describes the influence of external pressure on the phase transition
temperature, but now for a second-order phase transition. As for the description of a second-order phase
transition in an anisotropic bulk phase « in terms of its own stress tensor Ej,, corresponding equations
were considered in Section 2.5 to which we refer a reader, but with a certain limitation. Such equations
with no account for surface phenomena are only able for approximate pointing and do not yield a rigorous

description as that given by Eq. (4.42).
4.4. Quasi-chemical description of solid nanoparticles
The dictum ““a crystal is a big molecule” is known to a scientist since the student time. At down-the-

line holding this point of view (see, e.g. [113,114], not only crystalline, but also amorphous solid
nanoparticles should be regarded as ‘“‘supramolecules”, their set of same nature and increasing size as
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homologous series, and nanoparticles of same composition but different structure as isomers. For a long
time, such ideas were not embodied in a corresponding rigorous thermodynamic theory (in fact, they used
traditional phase approach when the matter concerns thermodynamics). The corresponding formulation
was given only recently [111], and we reproduce it below.

Thus, let us forget that a nanoparticle is a piece of a phase. Now, it is a single large and complex
molecule or an ion of multiple charge. Both are below called a supramolecule. Let a supramolecule
include n; structural units of the first sort, n, structural units of the second sort, and so on. We denote the
whole set of the numbers #; as {n}. The set {n} gives the composition of the supramolecule, as if being a
supramolecule certificate. The symbol {n} will be used below as a subscript to indicate that a quantity
belongs to a supramolecule of a certain type. We designate the supramolecule chemical potential ()
and write, using known results of statistical mechanics for ordinary molecules, its detailed expression as

where Gon} is the Gibbs energy of a supramolecule of sort {n} with resting center of mass in a given
medium 1n the absence of other supramolecules, kg is the Boltzmann constant, Ay,, and f{,, are the de
Broglie wavelength and the activity coefficient of supramolecules, respectively. The de Broglie
wavelength of a supramolecule is given by the expression

A{n} = h(2nm{n}kBT)*l/2, (4-44)

where h is the Planck constant and my,, is the supramolecule mass compiled of the masses of
supramolecule structural units m; as

mgy = Zmin[. (4.45)

The interaction of a supramolecule with a medium is taken into account in Gon . As for the activity
coefficient f7,,, it reflects the interaction of supramolecule with each other. It is possible to include the
quantity kg7 In f{,,) into G?n} and write Eq. (4.43) in the form

Winy = Gy + ke T In(cqy A3,)), (4.46)

where G({’n} is already understood as the Gibbs energy of a supramolecule of sort {n} with resting center
of mass in a dispersion medium containing other supramolecules (Gon} now accounts for the interaction
of the supramolecule not only with the medium, but also with otﬂler supramolecules present in the
system).

Calculating the Gibbs energy G({)n} may be detailed as follows. First of all, one should take into account
the difference in the energetic state of structural units on the surface of a supramolecule and inside the
supramolecule. Let there be b,-n?/ *structural units of the ith sort on the surface where b; is a numerical
coefficient determined by the chemical structure and geometrical shape of a supramolecule. We now
imagine that, in the initial state, the structural units of the supramolecule were separated and placed in a
vacuum with the resting state of their centers of mass. The Gibbs energy of such a state is Y, gn; where
Y is the Gibbs energy of a separate structural unit of the ith sort with resting center of mass in a vacuum.
The transfer of this structural unit into the interior of the supramolecule (we mark the supramolecule
interior with the symbol o) will require the work w{. Obviously, w < 0 since binding energy in a solid
exceeds, in its absolute value, the positive kinetic energy of oscillatory motion acquired by the structural
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units as a result of such transfer. The subsequent transfer of a structural unit to the supramolecule surface
requires an additional work w** (o symbolizes the surface region of a supramolecule, the sequence of the
subscripts indicating the transfer direction). Since such transfer is accompanied by the rupture of bonds, it
is evident that w*” > 0. We now may write the expression

Gl = Z gin; + Z win; + Z webn?, (4.47)
and Eq. (4.46), after the substitution of (4.47) in (4.46), takes the form

Wiy = Z & + Z wen; + Z wibin;”* + kT In(cqy A,). (4.48)
1 1 1

In principle, the quantities wi* and w{?, even in dilute systems, depend on {n} and, in particular, on the
supramolecule size. However, accounting for this dependence becomes necessary, first, only for very
small (one can say small in the limit) particles and, second, only for weak chemical bonds (approaching
ordinary molecular forces).

The further algorithm of constructing the theory suggests itself. Any physicochemical process,
including chemical reactions, is governed by chemical affinity. If a process is symbolically depicted by
the equation

Z VinyBiny = Z Vi BV (4.49)
{n} {n}

where the initial substances stand on the left and the process products (marked with a prime) on the right,
V() are stoichiometric coefficients, the chemical affinity A of the process is given by the expression (cf.
Eq. (2.100))

A= Z(U{”}M’{n} - U,{n}/"l’/{n})a (450)
{n}

where pu(,, are the chemical potentials of substances By, that feature in Eq. (4.49). If supramolecules
(nanoparticles) participate in the process, their chemical potentials will enter Eq. (4.50). The subsequent
analysis is carried out as it is generally accepted in the thermodynamics (both equilibrium and non-
equilibrium) of chemical reactions. For the sake of illustration, we consider two examples of physi-
cochemical processes. As a first example, we take a polymorphous transformation considered above
within the frames of the phase approach.

4.4.1. Phase transitions
A polymorphous transformation is now meant as a monomolecular isomerization chemical reaction of

type
B,y = B, (4.51)

proceeding under the influence of external factors. We assume that factors act simultaneously on all
particles of the system, so that the polymorphous transformation simultaneously occurs in all particles of
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a given composition. The chemical affinity of the reaction expressed in Eq. (4.51) is
A= /‘L{n} - Ml{n}. (452)

Substituting (4.46) in (4.52) and accounting for that the concentration and the de Broglie wavelength are
the same for both the isomers, we arrive at the expression

A =Gy — Gy =AGY, (= AG,). (4.53)

It is shown in Eq. (4.53) that the chemical affinity can also be represented as the difference of the total
Gibbs energy Gy, for the two isomers of a supramolecule (the quantities G () and Gy, differ by 3kg7/2).
If a supramolecule is so large as to obey the mechanics of continuous media, we can define G0 as the
function @ by Eq. (4.31) and repeat all the derivations of Section 4.3. In particular, by setting the affinity
expressed in (4.53), equal to zero, we will obtain the equations for the equilibrium of the two isomers and
again come to the Clapeyron—Clausius equation. It is of note that the problem is now solved to a larger
extent since GOn also includes the interaction between a given supramolecule and other supramolecules
(which can influence polymorphous transformations). Herewith, general thermodynamic equations
maintain their form, but the values of the quantities standing there, are implied to be more exact.

4.4.2. Dissolution or evaporation of nanoparticles

As the second example of a physicochemical process, we consider the dissolution (evaporation) of a
nanoparticle. Chemically, this is the reaction of dissociation of a supramolecule into its components. For
the sake of simplicity, we assume the supramolecule to consist of structural units of only one type (for
example, we meet such situation at the dissolution of a molecular crystal). Then Eq. (4.48) is reduced to
the form

w, = &°n 4+ wen 4+ wbn*? + kpT In(c, AD), (4.54)

where n is the number of the structural units in the supramolecule. As a result of dissociation, the
structural units take on independence and acquire the chemical potential

n=g"+wP +kgTln(cA?), (4.55)

where B symbolizes the solution phase and w® is the work of transfer of a single structural unit with
resting center of mass from a vacuum to a fixed point of the real solution (the sign of the work w is
determined by the character of interaction of the structural unit with a solvent). Turning to Egs. (4.44) and
(4.45), we conclude that, in the case of a one-component supramolecule under consideration, the de
Broglie wavelength of the supramolecule A,, and the de Broglie wavelength of a single structural unit A
are related by the simple equation

A, = An V2, (4.56)

From the chemical point of view, the dissolution process is a sequence of dissociation reactions of the
form

B,=B,.1+B, B,1=B,»+B,.. (4.57)
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The corresponding chemical affinity (by the first reaction example) is
An = MUy — Hp—1 — K- (4.58)

When substituting Egs. (4.54) and (4.55) in Eq. (4.58), we consider the quantities w, w’, and b to be
independent of n for the sake of simplicity. As a result, also accounting for Eq. (4.56), we obtain

c,n=32

Ay =w* —wP 4 wbn? — (n— 1)) — kgTIn(cA®) + kgT1n (4.59)

Cp1(n—1)"

Evidently, the work difference w* — w® is the work of transfer of a structural unit from solution to the
interior of the supramolecule, wP® (we remind that the subscript sequence indicates the direction of
transfer). The quantity wP® is negative, but the reverse quantity w*® is positive (the transfer is
accompanied by the rupture of bonds in the supramolecule):

we — wP = b = B (4.60)

Using the binomial expansion, we come to the relationship

n*? — (n—1)*3 x%;ﬂ” (4.61)
that turns to be an acceptable approximation practically for all n. We now turn to the last term in
Eq. (4.59). Let us assume that supramolecules of sort n — 1 were absent in the initial state and they all
have been formed by the removal of a structural unit from supramolecules of sort n. Then we may set
¢, = ¢, 1 if neglecting the system volume change at dissolution. As a result, the last term in (4.59) will
differ from zero only at the expense of the difference of the numbers n and n — 1, so that the last term will
amount fractions of kg7. Under such conditions, the last term in (4.59) becomes negligible and may be
omitted. We now rewrite Eq. (4.59), accounting for (4.60) and (4.61), in the form

2
Ap ~ —wP 4 gw"“’bn’m — kgT In(cA?). (4.62)

The augend on the right-hand side of Eq. (4.62) is negative and constant, whereas the addend is positive
and n-dependent. The product cA? is of the meaning of a volume fraction (and is close to the real volume
fraction for structural units of atomic dimensions) and, therefore, is always smaller than unity. Hence, the
last term on the right-hand side of (4.62) is also positive. At a fixed temperature, it depends only on
concentration and increases with decreasing concentration. Evidently, irrespective of the supramolecule
size, the last term will secure a positive value for the whole right-hand side of (4.62). So we arrive at the
condition A4,, > 0 that means that the dissolution process develops. We have A, = 0 at equilibrium. Then
Eq. (4.62) immediately yields the detailed expression for the solubility of a particle of size n:

—weP + (2/3)wbn~!/3
kpT '

¢~ — exp

3 (4.63)

Itis seen form (4.63) that the particle solubility increases with decreasing the particle size. At passing to a
macroscopic solid (n — c0), the solubility acquires a constant value determined by the work on escaping
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a structural unit from the solid bulk to the solution:
1 web
N — - . 4.64
c VE exp< kBT> ( )

Thus, we see that Eq. (4.62) well describes all known regularities of dissolution.
Summing up all Egs. (4.58), we can write the affinity of complete dissolution of a particle consisting of
n structural units as

A=pu, —nu. (4.65)
By substituting Eqs. (4.54) and (4.55) in Eq. (4.65) and accounting for (4.56), we obtain

A= —wn 4+ wbn®3 — nkgTIn(cA®) + kgT In(c, A>n3/?). (4.66)

Neglecting a change in the system volume at dissolution, we can write the mass balance condition as
¢ = c,n. Then we may neglect the last term in (4.66) at a sufficiently large n to obtain

Ar —wPn 4+ w3 — nkgT In(c,nA>). (4.67)

The process will develop at A > 0. Therefore, we can write the condition of complete dissolution of
nanoparticles at a given concentration c,, as

—w*Pn + wbn?/3 — nkgT In(c,nA3) >0, (4.68)

where c,, plays the role of a constant. The exact analytical solution of this inequality is problematic.
However, in the case when the logarithmic term is negligible, the approximate solution is found at once

13 bwe
wob

(4.69)

The particular final result depends on the value of the right-hand side of Eq. (4.69). However, the
principal significance of this formula is that it shows the possibility of the particle size boundary below
which the stable existence of the particles becomes impossible (they dissolve spontaneously). In the size
region below the boundary, particles can arise only by fluctuations, and this statement is known to be the
cornerstone of the whole physical theory of phase nucleation. Thus, we see that the chemical approach
leads to the same conclusions as the phase approach.

In Eq. (4.59) we assumed the concentration of supramolecules of different size to be equal since they
change to each other in the simultaneous dissolution process. We now consider the case of equilibrium
between supramolecules of different sizes but then, evidently, of different concentrations. Returning to
Eq. (4.66), we should now set A = 0 and write the equilibrium condition as

—wBn + weobn?/3

cn = " A3 2 exp P~ . (4.70)
B

Now already the concentration c plays the role of a constant, and Eq. (4.70) shows that supramolecular
homologues of various mass, each homologue being with its individual concentration c,, can be in
equilibrium with free structural units of a given concentration. We remind that the quantities w*® and w*®
include the interaction between supramolecules, and, therefore, w*® and w®° themselves are dependent
on n and ¢,. Only in the case of a dilute system when such interaction is negligible (this means that the
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activity coefficient f7,, in Eq. (4.43) is unity), the right-hand side of Eq. (4.70) is an explicit function of n
and yields explicitly the equilibrium distribution of supramolecular homologues. Of course, a reader has
noticed that Eq. (4.70) contains the mass action law. Actually, our derivation was reduced to finding an
expression for the mass-action-law constant in terms of the parameters of the system under consideration.

5. Line tension and wetting

The line tension as a concept of surface thermodynamics seems to be introduced by Gibbs who wrote
about “‘a certain linear tension” in his theory of capillarity [7]. Nevertheless, the wide investigation of
this quantity was undertaken a century later and is in full play now. At first sight, linear phenomena
should be simpler than surface ones for the reason that the number of dimensions for a line is smaller by
one than that for a surface. This would be true if we actually dealt with a one-dimensional system when
considering a linear boundary in surface thermodynamics. In reality, however, we deal with a three-
dimensional system when considering both surface and linear phenomena. The difference is that we refer
excess thermodynamic quantities of a three-dimensional system to a surface in the first case and to a line
in the second case. As a result, linear phenomena turn to be more complex than surface ones both
experimentally and theoretically. Experimentally, line tension is typically small and is much more
difficult for measuring than surface tension. Theoretically, line tension is more complicated than surface
tension because only two bulk phases can meet at a surface, whereas several bulk and also surface phases
can meet simultaneously at a line.

A review on linear phenomena was given earlier [1], and we only complement it here in some aspects.
Importantly, the material collected gives evidence that linear phenomena can occur in a variety of
systems with line tensions of different behavior. Practically, we have several line tensions which should
be distinguished and classified. So it is useful to begin this section with a modern classification of line
tension [115].

5.1. Classification of line tension

5.1.1. Mechanical and thermodynamic line tension

Gibbs [7] was first to distinguish between two definitions of surface tension for solids, the first
defining surface tension y (see Section 3.2) as a mechanical force along the surface per unit perimeter
length (an excess mechanical stress) and the second defining surface tension o (see Section 3.4)
thermodynamically as the work (a change in a corresponding thermodynamic potential) of formation
of a new surface per unit area. The mechanical surface tension can be different for different directions
on the surface, so that the mechanical surface tension y; along the direction k is related to the surface
excess stress tensor  as

Vi =V I (5.1

where n; is the unit vector along the direction k and y; should also be understood as a vector (as a scalar
product of a tensor and a vector). The scalar surface tension yis defined as half of the trace of tensor y (see
Eq. (3.13)). Comparing y and o, the thermodynamic theory shows these quantities to be different at the
existence of the chemical potential gradients near the surface (see Eq. (3.79)). For this reason, the
difference between y and o can be also realized for non-equilibrium fluid interfaces. As was discussed



194 A.IL Rusanov/Surface Science Reports 58 (2005) 111-239

first by Shuttleworth [78], the mechanical surface tension y and the thermodynamic surface tension o are
also different in their use in the fundamental relationships of the theory of capillarity. For example, y is
used in the Laplace equation and o is used in the Young equation for wetting. It is important to mention
that, according to the stability conditions, o is always positive (a body with negative o would disintegrate
spontaneously), whereas y can be of any sign except for the case of an equilibrium fluid interface when
y=0>0.

Similarly, the mechanical line tension 7 and the thermodynamic line tension « are defined.
Approaching a linear interface, the excess surface stress tensor y becomes a function of the coordinate
N normal to the dividing line and takes an increment Ap(N) as compared with its value far from the line.
Then t is defined as [1]

T= Z /0 Ay, dN; (5.2)

where the summation is carried out over all surfaces meeting at the line. As is seen from (5.2), tis of a
tensorial origin, although 7 often consists of a single component directed along the line. The thermo-
dynamic line tension « is defined as the work of formation (per unit length) of a new line. k is a
thermodynamic counterpart of 7 and a one-dimensional analogue of o. For a one-component system, o
and « are surface and line free energy, respectively. Concerning the use of t and « in various relationships
of the theory of capillarity, one can follow a general rule that t should be used in combination with (or
instead of) y and « should be used in combination with (or instead of) o. As for the sing of t and «, it
depends on the line tension type to be considered in the subsequent sections.

5.1.2. Line tension in two-dimensional systems

In two-dimensional systems, phases are separated not by surfaces but by lines, and interfacial tension
becomes linear. In this case, the line tension is a natural analogue of surface tension at lowering the space
dimensionality by one, so that the basic properties of interfacial tension derived in a general way remain
valid. In particular, « is positive by the stability conditions, whereas 7 can be of any sign except for the
case of a fluid two-dimensional system when 7 = k > 0. The last condition, however, can change when a
two-dimensional system is on a solid substrate.

The thermodynamics of line tension in fluid two-dimensional systems has been described in detail in
Ref. [50]. In particular, there is an analogue of the generalized Laplace equation

a0 (5.3)
r o or

where 7 is the two-dimensional pressure, r the curvature radius of a dividing line,  and 3 are the symbols
of adjacent two-dimensional phases. For the line of tension (an analogue of Gibbs’ surface of tension)
dt/or = 0 and Eq. (5.3) takes a traditional form of the Laplace equation.

In reality, a two-dimensional system (e.g. an insoluble surfactant monolayer) is situated between two
bulk phases, so it is possible to introduce the notion of surface tension for the two-dimensional system.
Then Eq. (5.3) is written

o T 01T
Poy=tr (5.4)
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Fig. 13. The equilibrium contact angle of a two-dimensional drop.

In an equilibrium fluid system, Eq. (5.4) can be also written in terms of o and « since y = o and 7 = «. If,
however, one of the phases is solid, y # o and 7 # «, but Eq. (5.4) including force quantities remains
valid.

Another basic equation of the theory of capillarity, the Young equation, originally includes energetic
quantities. It is easy to derive a two-dimensional analogue of the Young equation [115]. Let us consider a
two-dimensional wetting drop (phase o) at the boundary of two-dimensional phases [3 (a liquid or a gas)
and v (a solid, the symbol y used below as a superscript not to be confused with surface tension). To find
an equilibrium contact angle 0 (Fig. 13), we apply the two-dimensional Gibbs—Curie principle as the
condition of a minimum of line free energy at a constant area of phase a:

KOBLOB VLY 4 BYIBY 4 2y = a minimum, (5.5

where L is the line length (the double superscripts indicate the phases between which a line is located) and
n is the work of formation of the point of the triple contact af3y. By differentiating (5.5) with the
relationships dLPY = —dL*¥ and dL*® /dL*Y = cos6 in mind, we obtain

OB oK™y an
By — v af 0 + [P Y 2 )
K K™Y 4 k™F cos O + oL + Lo + oL

(5.6)

If the width of the two-dimensional drop is larger than the total effective thickness of the linear
interfaces af and avy, the line tensions «*# and k®Y can be taken as constants. Then, for a not very small
drop, Eq. (5.6) becomes

on

By — jeov B cosh + 2 .
K K+ kK + 3L

(5.7)

In fact, the point work n depends only on the contact angle 6 which is uniquely determined by the length
of the linear interface ay at the constancy of the drop area. For example, in the case of a rectilinear
boundary of a solid phase y when the shape of the two-dimensional drop is a circular segment as is shown
in Fig. 13 (two-dimensional phases are usually horizontal and are not influenced by gravity),

do 6 — sinfcosf
= — 5.8
dLe (1 — 6cotO) Ly <Y (>8)
and, therefore,
dn __La_ne—sinecosé. (5.9)

dLey LY 90 1 —6coth
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Itis seen from Eq. (5.9) that the last term in (5.7) is negligible for a two-dimensional drop of a sufficiently
large length. Then Eq. (5.7) becomes

iKBY = 1 + «*P cos 6, (5.10)

which is a direct analogue of the Young equation.

5.1.3. Line tension of multiphase contact line

For the boundary of contact of three or more three-dimensional phases, it is also necessary to
distinguish between the mechanical line tension t and its thermodynamic analogue «. These quantities
coincide for fluid boundaries, and the general condition of equilibrium can be written

T 0t
;+5=—Zj:yi00wi, (5.11)

where r is the curvature radius of the dividing line (where the dividing surfaces of the phases meet), ¢ the
angle between a dividing surface and the osculating plane of the dividing line, and i is the ordinal number
of a surface. For a lens of phase « at the boundary of phases B and v (Fig. 14), we have y; = Y, ¢, = 7,
@> =6,, and @3 = 65 (0; are the lens contact angles), and Eq. (5.11) takes the form [116]

I—1—%:yB“/—)/2cos92—y3cose3 (5.12)
r o or
The quantities T and y in Eq. (5.12) can be replaced by « and o, respectively. The derivative dt/0r can
be interpreted doubly as corresponding either to a real variation of the line and the angles or to an
imaginary displacement of the location of the dividing line. In the analysis of the dependence of line
tension on the dividing line location [116], the problem is that, in reality, there are no surfaces and line but
a complex spatial distribution of stresses, which we try to describe with the aid of simple geometrical
images. The image of a stretched surface is Gibbs’ surface of tension, a particular location of the dividing
surface. Similarly, there exists a line of tension for the three-phase contact for which dt/dr = 0, and the
problem is whether the line of tension coincides or not with the line of intersection of the surfaces of
tension. If yes, then a mechanical problem is formulated for a heterogeneous medium with surface and
line stresses, which can be described under static or dynamic conditions at an arbitrary configuration [20].
For the line of tension, Eq. (5.12) is written as

T

— =By Y5 €08 6 — 5 cos 03. (5.13)
-
B
h
v /ea o Y

Fig. 14. The contact angles of a liquid lens.
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Neglecting line tension, Egs. (5.12) and (5.13) and, in the general case, Eq. (5.11) express the Davydov
equation [117] more widely known as Neumann’s triangle [118].

We now turn to analogues of the Young equation. Concerning the case of wetting the flat surface of a
rigid solid (y» = ¥™Y, 6, = 0, y3 = »*P), the lens of phase a possesses a single contact angle 6, and it seems
to be enough to rewrite Eq. (5.13) in the form [119]

; Y Y (5.14)
However, Eq. (5.14) has two disadvantages. First, Eq. (5.14) does not include the force of reaction of a
solid to the applied force of the surface tension of a wetting liquid. The stress distribution in the solid near
the three-phase contact line is such as not to be imitated by a stretched line, so that the formal including
this stress (or only its tangential component) in T changes the meaning of the line tension. Second, if even
we accept such a procedure, mechanical Eq. (5.14) does not produce a thermodynamically equilibrium
contact angle since any value of 6 is mechanically equilibrium (a force applied to a solid in any direction
is equilibrated by internal stresses in the solid).

Only the energetic approach yields a correct formulation of the problem of a thermodynamically
equilibrium contact angle. The energetic analogue of Eq. (5.14) is [120-124]

K

— =P — o™ — 5B cos 6. (5.15)
p

In contrast with Eq. (5.14), Eq. (5.15) determines a unique possible equilibrium contact angle. More
general relationships were obtained by Toshev [125] (see also [126])

P = 6 + 6*Pcos O + £ cos %) (5.16)
r
and by the author [1,127]
0
oY = 6™ + 6*Fcos @ + <E + a—K) cos ¢, (5.17)
r r

where ¢ is the angle between the wetted solid surface and the local osculating plane of the three-phase
contact line. As compared with Eq. (5.16), Eq. (5.17) includes a correction related to the dependence of k
on the line curvature radius. The larger the line curvature radius (or the smaller line tension), the smaller
is the influence of line tension according to Egs. (5.15)—(5.17) which change to the classical Young
equation as r — 0.

Concerning the sign of the line tension of the three-phase contact line, the rigorous thermodynamic
analysis of the stability conditions for heterogeneous systems with taking into account surface and linear
phenomena [1,128] does not lead to a certain sign for the line tension of the three-phase contact line (both
T and «) even in the case of a fluid system. Moreover, the stability conditions are better satisfied with a
negative (but restricted in value) line tension in some cases. Both positive and negative values of « for the
three-phase contact line are met in the literature as a result of experimental and theoretical estimations.
We will return to the analysis of Eq. (5.17) in Section 5.2.

5.1.4. Effective line tension on deformable solids
As was already noted, the force of surface tension of a liquid (y*) acts on a solid at wetting. Because
of a very small thickness of a surface layer, such a force is very concentrated and can cause an appreciable
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surface strain if the elasticity modulus of the solid is sufficiently low. Such effects are observed for gels,
rubbers, and other bodies with a low elasticity modulus, the deformation mainly occurring along the
three-phase contact line. The work of deformation W per unit length of the three-phase contact line can be
included into line tension. In this way, the effective line tension ' can be defined [127]

K=k+W (5.18)

The work W contains contributions from the volume and surface deformation of a solid and also from the
change of the solid configuration in a gravitational field. W — 0 and ¥’ — & in the limit of large values of
the elasticity modulus. In the limit of small values of the elasticity modulus, ¥ — Wand the line tension
changes its physical meaning. Herewith, Eq. (5.17) maintains its validity [127,128] and exhibits a direct
influence of deformation on the contact angle value. This effect is well illustrated by the experimental
dependence of the contact angle on the size of a drop placed on an easily deformable substrate [129].If a
solid is not only easily deformable but also anisotropic, the deformation becomes dependent on the
direction on the surface. Then the effective line tension changes when moving along the three-phase
contact line. According to Eq. (5.17), the contact angle will be a function of a direction on the surface in
this case even if the surface is smooth and quite uniform (the anisotropy of wetting at an ordered surface
roughness is well known as caused by capillary forces). The anisotropy of wetting of this kind was
discovered [130] at studying the wetting of stretched elastomeric substrates whose internal anisotropy
appears due to the orientation of molecular chains along the direction of stretching. The new phenomenon
related to effective line tension shows how great can be the role of line tension in surface science.

5.1.5. Line tension of a Plateau border in foams

The line tension of a Plateau border in foams is a direct analogue of the line tension of a three-phase
contact line. The difference is that interfaces are replaced with foam films meeting at a Plateau border.
The Plateau border profile and the scheme of passing to the line tension are shown in Fig. 15. Neglecting
the contact angle at meeting a film and a rectilinear Plateau border, the latter can be considered as phase 3
filling the space between three touching columns, of radius r, of phase o. The Plateau-border cross-
section area Ay, is

Ay = 12 (31/2 - g) ~ 0.161372. (5.19)

Depicting each film with a single dividing surface (marked with the symbol )" of the film tension in
Fig. 15), the films should meet at a line (point O in Fig. 15) to which we may ascribe a certain line tension.

Fig. 15. The Plateau border cross-section and the scheme of passing to the line tension.
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We first find the total force f}, acting through the Plateau border cross-section and composed of surface
and bulk contributions. The surface contribution is evident to be mry where y is the ordinary surface
tension. According to the Laplace equation, the stress inside the Plateau border is —p® = — p* + -y/r. Then
the force acting through the bulk cross-section area is (— p® + y/r)Ay, and the total force is given by the
expression

14
fo =mry + (-Pa + %)Ab = —pAp + (31/2 + 5) vr, (5:20)
where Eq. (5.19) has been used. This force acts through the cross-section shown on the left side of Fig. 15.
Introducing now the Plateau border line tension as an excess quantity, we have to compare the force given

by Eq. (5.20) with the force
— p*Ap + 3¥"ly (5.21)

corresponding to the right side of Fig. 15, where I, = r/+/3 is the triangle bisectrix length (up to the
triangle center). Subtracting (5.21) from (5.20), we arrive at the Plateau border line tension [131,132]

r= <§ . ﬁ) JFre —0.0806y r. (5.22)
4 2
Similarly to the ordinary surface tension y, the film tension y* is always positive, which yields a negative
value for the Plateau border line tension according to Eq. (5.22). Interestingly, still Gibbs predicted a
negative value for the Plateau border line tension [7, p. 293]. By its absolute value, the Plateau border line
tension is larger than ordinary line tension by several orders of magnitude. For example, setting 1© ~ 2y,
y=50mN m ', and r = 0.1 mm yields x = —8 x 10~ N against 10~'° N as a typical absolute value for
the ordinary line tension.
The above model corresponds to a smooth transition from a Plateau border to a film with a zero contact
angle. In principle, the contact angle 6 is not zero for thin films, although is usually small [133]. For this
case, Y& = 2y cosf and a more exact formula for the Plateau border line tension is [132]

3
r=yr g—\/——39+5sin26+\/§sin26 . (5.23)

A detailed analysis of the Plateau border line tension and its behavior in a gravitational field was carried
out in [131,132].

5.1.6. Line tension of a filament

The line tension as a mechanical quantity can be introduced practically for any capillary body by
combining the force of capillary pressure (the product of the capillary pressure p. and the body cross-
section area A) and the force of surface tension (the product of surface tension y and the cross-section
perimeter P). In the vector form, a general formula for the line tension is

T _pA+ 74 ydp. (5.24)

Herewith, if a body is axial-symmetrical, the line tension is directed along the symmetry axis. The
simplest example is a uniform cylindrical filament of radius r. In this case, p. = y/r, A = mfz, P =2mr, and
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Eq. (5.24) yields
T = Jyr. (5.25)

An equilibrium shape of a filament or a liquid cylinder of oscillating thickness is an unduloid, which is
a figure of revolution whose radius smoothly changes between a minimum and a maximum values, R and
R,. For example, the unduloid shape is typical for liquid bridges connecting solid particles. In cylindrical
coordinates r and z, the unduloid surface profile is [134]

2= £[nF(k,¢) + nEk )], (5.26)
where F' and E are the elliptic integrals of the first and second kind, respectively:
de . 12 , R—R?
Fk,qo):/ . E(k,¢ :/1—k251n2(p dp, K= ,
( (1 —k2sin?)'/? (k.0) ( ) R?
R2 o r2
2 R
sin” g = .
R —R?

The capillary pressure of the unduloid is 2y/(R; + R,). Correspondingly, the contribution to the line
tension from capillary pressure is
2mrty

—pA = (5.27)

and changes with r. The contribution from surface tension is

21y(r? + RiR»)

2nrysing = R IR

(5.28)
and also changes along the axis since the unduloid profile slope ¢ is variable. However, the sum of (5.27)
and (5.28) is strictly constant along the axis and makes the unduloid line tension

. 27T)/R1R2

= 5.29
4 R+ R ( )

As is seen from Eq. (5.29), the unduloid line tension is positive. This secures the adhesive action of a
liquid bridge between solid particles.

5.1.7. Point tension

The further decrease of dimensionality by one leads from line tension to point tension which can also
be mechanical (an excess stress at a point) or thermodynamic (the work of formation of a point). Is it
possible a classification for point tension? The existence of point tension in a pure two-dimensional
system depends on the possibility of realization of one-dimensional phase transitions: if there are no one-
dimensional phase transitions, there cannot be a point tension of this type. Point tension is evident to exist
in three-phase contact phenomena, as was shown at the derivation of Egs. (5.6) and (5.7) where the
thermodynamic point tension 7 stands. It should be added that point tension of this type (corresponding to
meeting not less than three lines) can be realized also in the three-dimensional space. If a solid is
deformable, the introduction of an effective point tension including the deformation work, is possible
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both in two- and three-dimensional systems, the form of thermodynamic relationships, e.g. of Eq. (5.7),
being maintained.

5.2. Line tension and the generalized Young equation

We now return to the generalized Young Eq. (5.17) and the line tension of the three-phase contact line.
The Young equation, one of the central relationships of the classical theory of capillarity, was multiply
discussed in the literature, and the corresponding survey was presented earlier [1]. We now pay attention
to some new results that were obtained recently [135].

5.2.1. Thermodynamic potential of a solid with a sessile drop

Let us consider the system including a substrate, a one-component sessile drop and its vapor. As was
explained earlier [1] (see also text before Eq. (3.77)), systems including both solid and fluid phases are
better described by a hybrid thermodynamic potential §2 playing the role of free energy with respect to an
immobile species and grand thermodynamic potential with respect to mobile species. Neglecting gravity,
the expression for §2 of the system under consideration is

2= —pV* — pPVP 4 g*PA®P 4 VA 4 oPYAPY L (5.30)

where p is the pressure, V the volume, A the surface area, L the length of the three-phase contact line; the
single and double superscripts mark corresponding phases and interfaces, respectively.

If there is no overlapping of the liquid/substrate and liquid/vapour interfaces in the central part of the
drop, the drop profile will be spherical far from the three-phase contact line according to the condition of
mechanical equilibrium between the liquid and the vapour in the absence of gravity. Overlapping of the
surface layers is responsible for the formation of an underlying (precursor) film modifying the solid
surface and leading to a difference between Y and the surface tension of a “bare” solid surface. The
possible presence of the precursor film on the substrate is taken into account in Eq. (5.30) by the term
oPYAPY, Neglecting the precursor film thickness, one can assume the entire sessile drop to have the shape
of a spherical segment. Its radius and contact angle can be found from the condition of a minimum of the
potential £2.

We define the excess quantities standing in Eq. (5.30) by choosing the Gibbs dividing surfaces as the
segment spherical surface with radius R and contact angle 6 and flat surfaces ay and 3+ in the framework
of the Gibbs method. Using the spherical segment geometry yields an expression for £2 in terms of R and
o:

(p* — pP)R3(2 + cos 6)(1 — cos 6)’
3
+ 2nkRsin6 — pPv, — oA,

Q=—

+2716*PR*(1 — cos 6) — (P — 0*¥)R* sin” @

(5.31)

where V, = V* + VP is the total volume of the fluid phases and A, = A*Y + AP is the total area of the solid
substrate. Evidently, potential £2 also depends on the chemical potential i of molecules in the system and
on the temperature T of the system.
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5.2.2. The dependence of the line tension on the dividing surface location

Let us see what condition follows from the variation of the location of the drop dividing surface at
maintaining the physical state of the system, i.e. from the choice of various radii R for the drop spherical
segment at fixing all physical characteristics within the interface. Naturally, thermodynamic potential 2
(as well as the state parameters for the bulk phases) cannot depend on the pure imaginary variation of
radius R. Marking such variations with square brackets, we write this condition as

ds2

{E] _o. (5.32)

When applied to a free drop (6 = , A, = 0) Egs. (5.31) and (5.32) lead to the Kondo equation (cf. Eq. (3.21))
8 2078 [da“ﬁ]
= +

(¢}

p —p

5.33
R dR (5.33)

where the pressure difference plays the role of a constant. The solution of differential Eq. (5.33) is

K
o = =t CR, (5.34)
where the constant K is the work of the drop formation and ¢ = (p® — pP)/3. The plot of the function
(5.34) is characterized by a unique minimum of o*®. The location of the dividing surface at the minimum
is called surface of tension, for which Eq. (5.33) changes to the Laplace equation. In terms of the
minimum coordinates Ry and O'?;B, the constants K and ¢ are

af p2 ap
O Rst = 20

K= , c=221,
3 3Ry

(5.35)
In our case, similar to the case of a free drop, all dividing surface positions are concentric. However,
they are segmental but not sectorial in the case of a sessile drop (Fig. 16), so that the relationships hold
Rsinf =r, Rcosf = h = a constant, (5.36)

where r is the three-phase contact line radius and 4 is the distance from the curvature center to the solid
surface. Putting now Eq. (5.31) into Eq. (5.32) and taking into account Eq. (5.36), we obtain

do"®
—27R*(p* — pP)(1 — cos B) + 27Ro*P(2 — cos ) + 27R*(1 — COSQ)[ gR ]

27K dk
— 27R(c®Y — 0*Y) + Z— 4 27Rsinf |—| = 0. 37
7R (o o )+sin9+ nsm@[dR} 0 (5.37)

| s

Fig. 16. The dividing surfaces and dividing lines for a spherical segment on a solid substrate.
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If we now express the surface tension derivative with the aid of Eq. (5.33), Eq. (5.37) immediately leads
to the generalized Young equation (cf. Eq. (5.17))

d
oY — 6 = B cosh + al + [d—K] . (5.38)
r r

The left-hand side of Eq. (5.38) is a constant at a fixed physical state. This allows rewriting Eq. (5.38)
as a differential equation

dx K a
— —_— ———— b .
[dr} + r + (r2 + h2)3/2 ’ (5.39)
where
a=Kh, b=oc® —o* —ch. (5.40)
Thus, three constants 4, a, and b are present in Eq. (5.39). The solution of Eq. (5.39) is
b
=T a (5.41)

2 —i_r(ﬂ—}—hz)lﬂ—i_;7

where the integration constant d can be expressed through the radius r = r;, of the dividing surface on the
substrate plane at the extreme point (a minimum) for the line tension x as a function of r:

briy a(2ri+h?
d = T 61(71174‘32. (5.42)
2 (r, + h?) /
By analogy with the surface of tension, the dividing line characterized by r = r;, where [d«/dr] = 0 can
be called the line of tension [116]. With this choice of a dividing surface, the generalized Young
Eq. (5.38) takes the simplest form

BT — 6% — 5B cosh 4+ L (5.43)
a0

where «; is the value of k at r = r;,. The line tension for the line of tension «;, can also be expressed as

ary

' (5.44)
(r7 + h2)3/2

Kip = bry —

According to Egs. (5.35) and (5.40), the constant a is positive, whereas the constant b can be either
positive or negative depending on the substrate wettability. Since, obviously, r;, > 0, the value of «;, can
be either positive (at b>a/(r7 + h2)3/2) or negative (at b<a /(r7 + h2)3/2).

We designate as ry, the radius of the dividing line, on the substrate, corresponding to the choice of the
surface of tension as a dividing surface between the liquid and the vapor. From the above phenom-
enological analysis, it is hard to deduce how the quantities r,; and r;, are related to each other. One can
only expect that their coincidence can be completely random and rare. In particular, this means that there
is no reason for neglecting the last term in Eq. (5.38) when using the surface of tension (as well as the
equimolecular surface) as a dividing surface between the liquid and the vapor.



204 A.IL Rusanov/Surface Science Reports 58 (2005) 111-239

5.2.3. The equilibrium condition at the three-phase contact line
In terms of thermodynamic potential £2, the equilibrium principle can be formulated as

@
(a_) _o. (5.45)
) 10 x

The location of a dividing surface is now considered as given at fixed conditions (and is arbitrary since the
conditions themselves are arbitrary). Fixing the temperature and chemical potential means the constancy
of all state parameters of the system including the curvature radius R of the drop surface. By contrast, the
distance & (see Fig. 16) becomes variable. Herewith the relationship is fulfilled

(g> = Rcosé. (5.46)
30/ 1., x

Putting Eq. (5.31) in Eq. (5.45) with accounting (5.46) yields
— (p* — pP)7R3 sin’ @ + 270*PR? sin O + 27kR cos 6 — 27 (oPY — 6*Y)R? sin 6 cos 6

+ 277R? sin 6 cos O <%) =0. (5.47)
ar T

Itis implied here that the line tension k = «(7, ., r) does not explicitly depend on the contact angle 6. If we
now replace the difference p* — p® by the expression following from the Kondo Eq. (5.33), Eq. (5.47)
changes to the generalized Young equation at a certain given (by external conditions) location of the
dividing surface and at a dividing line corresponding to this dividing surface:

B) tan 6 [do®
oY — 6 = %P cosh + X + ad _rtan d . (5.48)
r or T 2 dR

Taking the surface of tension as the dividing surface, Eq. (5.48) becomes

oY — 0% = %P cosH + £ + e , (5.49)
r or T
which coincides with Eq. (5.17) at ¢ = 0. Comparing the right-hand sides of Eqgs. (5.38) and (5.49), we
arrive at the relationship

oK dx rtan 6 [do®P
— = |— . 5.50
&), el "7 [ &) 550

Eq. (5.50) relates the physical dependence of the line tension on the radius of the three-phase contact line
at given temperature and chemical potential to the imaginary dependence of the line and surface tensions
on the dividing surface location. If the surface of tension is chosen as a dividing surface, the surface
tension derivative in Eq. (5.50) becomes zero, and we arrive at a remarkable relationship

oK di
<5> T7M: |:5:| . (5.51)




A.I Rusanov/Surface Science Reports 58 (2005) 111-239 205

Eq. (5.51) means that, with this choice of a dividing surface, the derivative of the line tension with
respect to radius of the three-phase contact line at constant temperature and chemical potential coincides
with the line tension derivative at an imaginary shift of the dividing surface at fixed physical state of the
system.

5.2.4. The role of linear adsorption

As it was shown above, there remains a possibility for the line tension variation together with the
radius of the three-phase contact line even when a certain choice is made for the location of the dividing
surface between the liquid and the vapor and all the state parameters of the bulk phases and surfaces, like
the temperature and the chemical potential, are fixed. The corresponding derivative stands in the
equilibrium condition expressed by Eq. (5.48). To write the expression for the total differential of the line
tension, it is sufficient to supplement the partial differential corresponding to this derivative with the
terms with differentials of temperature and chemical potential:

3
dic = (—") dr — dT — Adp. (5.52)
or T

Coefficients s; and A are known as the linear excesses of entropy and matter, respectively, related to the
unit length of the three-phase contact line. Eq. (5.52) is the linear adsorption equation [136,137] called by
analogy with the Gibbs adsorption equation for surfaces (the excess A plays the role of a linear
adsorption). At a constant temperature, Eq. (5.52) yields an important relationship

oK dx du
— = — ——— 5.53
<8r> T dr + dr ( )

In particular, Eq. (5.53) permits us finding the partial derivative (dx/0r)y,, from the linear adsorption
value A and the derivatives d«/dr and dpu/dr along equilibrium states. For example, such calculations are
possible by applying the density functional method based on the models for intermolecular potentials
[138—140] and by applying the method of the functional of the local thickness of a liquid film based on the
approximations for the isotherm of the disjoining pressure as a function of the film thickness [140-142].
Both these methods are capable of independent calculating the contact angle, the chemical potential of
molecules in a system and the linear adsorption as functions of the dividing line radius.

Some assertions can be made without using any specific model. Let us assume that the line tension «
and the linear adsorption A expressed as functions of the equilibrium contact line radius r have the
following asymptotic behavior:

k=Ko +O00r™"), A=A+0(r™") (5.54)

with the finite limits ko and A, corresponding to the bulk coexistence at u — o (wWhere r — o0, i.e. the
contact line becomes straight). Under assumption of incompressible liquid, we have for the pressure
difference

n— [y
UOL

p*— pP = : (5.55)
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where v® is the molecular volume in phase «. Using the Laplace equation and Eq. (5.54) yields
dp/dr = —20*Fv®r~2sin 6, which leads to the following estimation:
d
A di‘ = —2400P v Zsin by + O(r ), (5.56)
r
where o B is the value of the surface tension o** at W = o and 6, is the limiting macroscopic value of the
contact angle. According to Eq. (5.54), there is an estimation dk/dr = O(r_z). It means that under the
assumptions expressed in (5.54), the partial derivative (dk/dr); , = O(r~2) , while for the term «/r on the
right-hand side of the generalized Young Eq. (5.49), the estlmanon Kkl = kolr + O(r~ ) can be made.
Therefore, if the linear adsorption A has a finite limit at the bulk phase coexistence, the term (d«/ 8r)T7 u
can be neglected for sufficiently large drops and the term «/r can be approximated with its asymptotic
form ko/r.

5.3. Thin wetting films on/in solids

We begin with some remarks on terminology. Concerning films, the words ““thick” and *“‘thin” are not
common epithets but rigorous scientific notions. A film is called thick if it contains a bulk phase (o) in the
interior. In other words, the film interfaces do not overlap in a thick film, and, as a consequence, the film
tension 3" is composed of the interfacial tensions on the film sides. For a thick film between phases B and
v, the film tension is

Ve = V2P + (5.57)

where subscript co implies the condition for the film thickness H — oo (in fact, this means that the film
thickness considerably exceeds the interface thickness and atomic dimensions).

Due to overlapping its interfaces, a thin film does not contain a bulk phase inside. A thin film is
completely non-uniform along its thickness and may be treated in the same way as we dealt above with
interfaces, i.e. a single dividing surface can be introduced and the film tension can be defined by analogy
with interfacial tension (see Section 3.2). However, unlike an interface, a thin film always has its mother
phase a (of which the film was formed), which is suggestive to introducing two dividing surfaces and
using phase a as a reference phase. In this variant of the thermodynamics of thin films [50], Eq. (5.57) is
replaced by a more general relationship

Y=y*®+y+H, (5.58)

where I1 is disjoining pressure. All quantities in Eq. (5.58) are dependent on the film thickness, and the
additional relationship holds [50]

AP +y*)
S = —(H). (5.59)

Derjaguin [143,144] introduced the disjoining pressure of a film as a difference between the external
pressure PP and the pressure P* in the film mother phase taken at the same temperature and chemical
potentials as in the film:

m=pPP — p=. (5.60)
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A modified definition is [145]
I1=Py—P* (5.61)

where Py is the normal component of the pressure tensor inside a film. Since PP = Py by the mechanical
equilibrium condition for a flat film, Eqgs. (5.60) and (5.61) express the same definition in the case of flat
films. However (Eq. (5.61) is of the local character, which allows to extend the definition to films of
arbitrary shape. The behavior of the function I1(H) is a result of the play of molecular forces, which was
the object of numerous theoretical and experimental studies [144]. Generally not only IT — 0, but also
ITH — 0 as H — oo to reduce Eq. (5.59) to Eq. (5.58).

For a long time, the theory was formulated mainly for plane-parallel films. Considering thick films, the
attention was paid to the Gibbs elasticity (see review [146]), whereas the problems of thin films were
concentrated round the disjoining pressure. Meanwhile, both mechanisms of elasticity, the Gibbs
elasticity and the disjoining pressure, can work simultaneously in a thin film provided it consists of
more than one species. The thermodynamic theory of this phenomenon was formulated recently [147]. If,
however, a film consists of a single species, Gibbs’ mechanism of elasticity does not act, and the
disjoining pressure remains the only source of the film elasticity and stability.

Some results obtained for flat films were also applied to films with variable thickness when the
disjoining pressure is combined with the capillary pressure. For the transitional zone between a meniscus
and a wetting liquid film on a solid, Derjaguin proposed the mechanical equilibrium condition [143,144]

y(c1 +c2) + II(H) = P, (5.62)

where y is the ordinary surface tension (usually taken as y,.), ¢; and ¢, are the principal curvatures of the
film surface, and P, is the capillary pressure (i.e. P* — P® or PP — P®) of an equilibrium drop or a
meniscus. Because of its simplicity, Derjaguin’s method was widely used (see review [148]). A
modification of Eq. (5.62) was also suggested including the additional factor cos ¢ where ¢ is the
local slope angle at the film/fluid interface [142,149]. However, the local disjoining pressure of a non-
uniform film was taken from the data for flat films, so that the results were applicable only to slightly non-
uniform (in thickness) films. Only recently, there was elaborated a general and rigorous approach to
characterize the mechanical equilibrium condition for a non-uniform and anisotropic thin film with
arbitrary slopes of its surfaces and an arbitrary gradient of its thickness [150-152]. The results are
presented below.

5.3.1. Mechanical equilibrium condition at the surface of a thin film

We now have to return to Section 3.3 and to repeat the derivation of the mechanical equilibrium
condition for an interfacial element with the only difference that the lower and upper faces of the element
marked with symbols o« and B (Fig. 7) are not located inside the corresponding bulk phases which both or
one of them can be absent in the system. In comparison with Eq. (3.62), the result now looks more
cumbersome:

oyl ovh
T

hy (u§)ha (u5)

ES (u30) — ES (u30) hiohao

[Es(u3) — E5(u3)]

hy () o (uf)

+ [E (1) — ES ()] 2

(5.63)



208 A.IL Rusanov/Surface Science Reports 58 (2005) 111-239

where force-defined v and ! are the element tension vectors (we omit superscript a3 for the sake of
brevity). The quantities E;(u$) and E3 (u3 ) are the real stress vectors applied to the lower and upper faces
of the element, respectively, while ES (u3) and E (ug) are the stress vectors in the corresponding bulk
phases (extrapolated to the coordlnates ug and uy 1f the bulk phases are non-uniform). If the coordlnates
u§ and u3 turn to be inside the bulk phases (the case of a thick film), E3(4$) and E§ (u$), as well as E; (u3 )
and EP 5 (u ) become 1dentlcal and Eq. (5.63) is reduced to Eq. (3.62) where we should now understand
'\(1 and 'y2 as 'ybo and '\/200

Applying Eq. (5.63) to the surface of a thin film, we have the situation when the outer phase [ is a real
bulk phase. Therefore, we always can choose the coordinate uf inside phase (3 to annul the last term in
Eq. (5.63). Then a general formulation of the mechanical equilibrium condition for the surface of a thin
film is

vl vl hy (us)ho (us
B () — B o) = 52+ 500 s ) — B ) S, .64

The vector Eq. (5.64) corresponds to three scalar equations (cf. (3.67)—(3.69))

f f o o
o Va1 ayl] Vs a o /o ang 1 (U5 )hZ(”3)
E — EB —= — |E —F —_— = 5.65
13 (130) 13(”30) Rio + 3o + o [ 13(”3) 13(”3)] B0k ) ( )
0 0 hy (uS)ho (U
Eg3(u30) —E[;g(um) 7/32 + )’21 + sz . [E23(u‘3") —E%(u%‘)] 1( 3) 2( 3)7 (5.66)
Ry dlig  0lxo hiohao

f f f f o o
« Y Yo a9y a o (v M(U5)ha (u5)
ES (uz0) — ES(u3) = — 21— 222 4 P31 4 2230 [y (ud) — B (ud)] —222232 0 (5.67)
55 (0) — By (1) = — L — 224 S0 22 [ (o) — 5y )] 2
where the coordinate 5§ conditionally demarcates two film parts related to the opposite sides of the film.
If bulk phases o and [ are uniform and isotropic, all the off-diagonal elements of the bulk pressure
tensors, as well as the corresponding components of vectors ES and E3B , vanish. The diagonal components
can be written as Ej; = Ey; = E33 = —P. In this case, Eqgs. (5.65)—(5.67) become

V31 8)’11 8)’12 « hl(ug)h2(”%)

Y0 Mo g _0, (5.68)
Rio  dlip 9l 13(043) hiohao
y_gz 8)/51 ay£2 _ E23 (uoc) hl (ug‘)hz(ug) —_ O (569)
Ryy  dlip  0lyo 3 hiohao
f f f f o o
o Yiu Yo v Y3 o oy 111 (U5 ) o (1)
pr—pP =1l 722 I3L_ P32 g, () 4 P — 337 (5.70)
Riop Ry dlip  9ly (B33 (1) ] hiohao

In the absence of external fields, the stress tensor is formed under the influence of the space metrics.
Since the metric tensor of a film has the diagonal form in the curvilinear orthogonal coordinate system
chosen (see Section 3.1), the stress tensor can also be considered as diagonal in all parts of the film. As a
consequence, the surface tension vectors will contain only normal components. In this simple case,
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Egs. (5.68)—(5.70) are reduced to the conditions

8yfll 3)/22
v _m _ 571
olig 0l -71)
f f h LAy o4
P“-PB::1114—12~+[Ey¢u§)+-P“}J£ZQ—3@§2. (5.72)
Rio Ry h10h20

In the particular case of a flat film, we use Cartesian coordinates x, y, z, and the Lame coefficient ratio
in Eq. (5.72) is unity, whereas the terms related to curvature vanish. Denoting now E33(u$)as the normal
pressure —Py(z™), we obtain

P — PP = P* — Py(2). (5.73)

Eq. (5.73), on one side, yields the known equilibrium condition Py = P® and, on the other side, shows the
equivalency of the disjoining pressure definitions given in (5.60) and (5.61). Since the coordinate z* is
chosen arbitrarily, Eq. (5.73) shows Py to be independent of z as well as of spatial coordinates at all.

Thin films can be located not only on the solid surface, but also in narrow slits inside a solid. As an
example, we consider a film of variable thickness in a wedge-shaped slit with plane sides. If the wedge
sides are identical, it is natural to introduce the middle plane as a basement for the interfacial element
(Fig. 17). The dividing surface is plane in this case. The coordinates are cylindrical with u; =r, u, =z,
us = ¢ and with the Lame coefficients h; =1, h, = 1, h; =r. Eq. (5.72) now becomes

P — PP = P*  E33(¢%), (5.74)

from where Es3 is seen to be again a constant (with respect to the coordinate ¢ this time). Denoting
Es3 = —PN, we can again define the disjoining pressure as was shown in Eq. (5.61). We see that
introducing the disjoining pressure for a film of variable thickness bears no difficulties in this case. If
phase (B is a fluid phase of uniform pressure, Eq. (5.74) leads to the absurd conclusion of the
independence of the disjoining pressure on the film thickness. This only means that the wedge shape
is impossible for a free film. However, the wedge-shaped film is quite realizable inside a rigid solid
(Fig. 17), when PP in Eq. (5.74) should be interpreted as the surface local pressure created by internal
stresses in the solid (not included into the element tensions). At every surface point, these internal stresses

Fig. 17. The element of a thin wedge-shaped film.
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counterbalance the disjoining pressure and, of course, are dependent on the location on the surface (on the
coordinate r).

The cylindrical coordinates are also natural for a simple case when a film itself is of the shape of a
circular cylindrical surface. The dividing surfaces are also cylindrical in this case (with the radii
0 < Rqig < 00, Ryg = 00). The coordinates are chosen as u; = ¢, u, = z, u3 = r, and the Lame coefficients
are hy =r, h, =1, hy = 1. Correspondingly, Eq. (5.72) takes the form

J40! r

px_pp 1L [Ess(r®) _i_Poc]R_IO’ (5.75)

By choosing r* in the middle of the film (* = Ry — H/2), Eq. (5.75) can be written as

0
oL Y11 0 o H
pr—pB =21l _p0_ po] - — 5.76

RIO [ N ]( 2R10>7 ( )

where H is the distance between the dividing surfaces of the film (the film thickness),
PY= —Ex(r*=Ry0— H/2), and ¥}, =y}, (r* = Rio — H/2).A similar formulation can be given
for a spherical film when Rio= R,y =R, and y!, =y, = y'. The spherical coordinates are u; =0,
up = ¢, and uz = r. Correspondingly, h; =r, h, = rsin 0, and h3 = 1. Then from Eq. (5.72) we have

P — PP =0 LB (rY) + PY— 5.77
R0+[33(V)+ ]R(z) ( )
or
290 H\’
pr—pP =" p0 _p(] - —— 5.78
LT ]( 2R0) (5.78)

where P = — E3(r® = Ry — H/2) and y° =y (r* = Ryo — H/2), the superscript “0” referring to the
middle spherical surface inside the film.

For a wetting film of uniform thickness on a cylindrical or spherical solid body of radius R,,, we can
choose coordinate u5 at the solid surface by setting r* = R,,. As a result, we obtain from Eqgs. (5.75) and
(5.77)

pr—pP =21 _1ps _ py" (5.79)
Ryo Py ]RIO
29f R?
P — PP ="C [P, — P2 5.80
RO [ N ]R(z)a ( )
where Py, = — E33(R,) is the normal pressure on the solid surface. According to Eq. (5.61), the

difference P}, — P* in Eqgs. (5.79) and (5.80) has a meaning of the film disjoining pressure. Egs. (5.79)
and (5.80) are important in the thermodynamics of heterogeneous nucleation on cylindrical or spherical
wettable solid particles [153].

The above formulas are of general character and applicable to arbitrary capillary objects. Indeed, the
interfacial layers can overlap not only in thin films, but also in thin threads and filaments, small drops and
solid particles, etc. In other words, the interfacial layers attain the middle of an object, and, therefore, the
interfacial element under consideration should be reckoned from an axial or central point. This means
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Fig. 18. The element of the transitional zone of a wetting film.

that, when applying Egs. (5.75) and (5.77) to compact continuous bodies, we have to set ¥* = 0. Then the
term with disjoining pressure disappears from the mechanical equilibrium condition to return to the
classical Laplace equation even for very small capillary objects (with no bulk phase inside). Thus, we
come to the conclusion that the significance of disjoining pressure is a distinctive feature of thin films.

5.3.2. Transitional zone of a wetting film

Fig. 18 shows a fragment of the transitional zone between a meniscus and a thin wetting film on a rigid
flat solid surface. The subject discussed is the mechanical equilibrium condition for the upper surface
(ap) of the transitional zone. Choosing an element to which Eq. (5.72) refers, it is convenient to take the
coordinate u5 on the solid surface (ay) to refer the whole film interior to the film surface layer a8. Then
—E33(u) acquires the meaning of the normal pressure Py on the solid surface. In accordance with
Eq. (5.72), we have

y_€1+y_£2_[
Rio Ry

ha (us) o (u3)
hiohy
Since the solid surface is flat, the contribution of capillary pressure vanishes, so that the only cause of a

difference between P} and P is the overlapping of the opposite interfacial layers of the film. Hence we
may term the difference P}, — P* as a local disjoining pressure

I (uf, uy) =P} — P°. (5.82)

P — PP = Py — P% (5.81)

In this definition, it is shown that the local disjoining pressure depends on the longitudinal coordinates,
similarly to all other quantities on the right-hand side of Eq. (5.72). Using (5.82), Eq. (5.72) becomes

pe_pp_ Vi Voo ph(u)ha(us)

— 71y 722 5.83
Rio Ry hiohao (583)

In the particular case of a cylindrical dividing surface (R,o= 00, h, = 1), the condition expressed in
Eq. (5.83) is reduced to
Vﬁl hy (u§)

pr—pP =217
Rio hio

(5.84)

Comparing Figs. 7 and 18, it is seen that the film surface curvature in Fig. 18 is negative. For this
reason, it is convenient to write Egs. (5.83) and (5.84) in a general form as

PP — p* =P, + L (5.85)
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where P. is the capillary pressure and L is the Lame coefficient ratio

h (ug)ha (ug)

L
hiohao

(5.86)

The explicit expressions for L exist only for simple coordinate systems as we used above. In the
general case, the Lame coefficient ratio can be evaluated with the aid of Eq. (3.6). Subsequently applying
Eq. (3.6) to hy and h, with the integration from us3, to u5 and putting the results in Eq. (5.86), we obtain

L = exp {2 / h du3h3(u3)c(u3)] , (5.87)

30

where c(u3) =[c1(u3) + c2(u3)]/2 is the local mean curvature of the coordinate surface u; — u,.
Applying the mean-value theorem and putting h3du; = d/3, we rewrite Eq. (5.87) as

L = exp(2¢Al), (5.88)

where ¢ is the averaged value of ¢(u3) and Als is the length of the segment of the coordinate line 3 between
u3o and u§ (the curvilinear “thickness’ of the film, Fig. 18). For a thin film whose real local thickness H is
considerably smaller than any of the principal curvature radii of a dividing surface, we have ¢Al; < 1,
¢ &~ ¢, and, naturally, Alz =~ H. As a consequence, Eq. (5.88) is represented in an approximate form

L~ 1+2cH. (5.89)

Itis valid L < 1 at the negative mean curvature of a film (as a reminder, we have ¢ < 0 since the curvature
centre is located on the side of phase o).
Assuming isotropy of surface tension, Eq. (5.85) can be written as

PP — P* = —2yfe + 1L (5.90)

With L =1 Eq. (5.90) corresponds to Derjaguin’s Eq. (5.62), except that Derjaguin treated IT as the
disjoining pressure of a flat film of an appropriate thickness. As was already mentioned above, the cosine
of the local slope angle was introduced, instead of L, in some versions of Eq. (5.62) [142,149] for the case
when the disjoining pressure was defined with respect to the normal to the horizontal plane, but not to the
inclined film surface. Such inconsistency was avoided in [150—152] by using curvilinear coordinates. As
aresult, the disjoining pressure acts along the normal to both the above film surfaces, so that equating the
Lame coefficient ratio L to the above cosine looks problematic. It is also of note that using the Cartesian
coordinates (as a unique case related to the use of the cosine) has one more undesirable consequence: the
capillary part of Eq. (5.90) becomes inexact. This is related to the fact that the pressure tensor of the
transitional zone becomes non-diagonal in the Cartesian coordinates, which requires returning to the
more general case, Eq. (5.70). As was shown above, L = 1 not only for a flat film, but also for a wedge-
shaped film. Therefore, the condition L ~ 1 can happen to be not bad approximation for calculations
according to Eq. (5.90) if the film profile is slightly different from the wedge shape and the profile
curvature is sufficiently small.
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6. Equation of state for an adsorbed monolayer

The notion of a monolayer is widely used in modern science. By its origin, a monolayer can be
adsorbed or spread at an interface of any nature between two bulk phases (if one of the phases is a gas, the
other is called a substrate). What is an adsorbed monolayer was beautifully explained by de Boer [154].
When adsorption is localized (including chemisorption), a registered (immobile) monolayer forms. The
non-localized adsorption results in an mobile monolayer. The transition between these states was
analyzed by Halsey [83]. He also raised the question about the influence of an adsorbed monolayer on y
(the mechanical surface tension) and o (the thermodynamic surface tension in our terminology) for a
solid surface when y # o. The molecules of a mobile monolayer move freely along the surface and create
the two-dimensional pressure 7,,, which Halsey defined as o — o, the subscript O referring to the bare
surface (still not covered with a monolayer). With this definition, we can rewrite the Gibbs adsorption
Eq. (3.82) as

dr,, = 54T+ Iidy,. 6.1)

Similarly to Eq. (3.82), Eq. (6.1) is valid both for liquid and rigid solid substrates.

The relation of the two-dimensional pressure to other parameters of a mobile monolayer (the area, the
number of molecules of each species, and temperature) is established by an equation of state that is often
called a two-dimensional equation of state. We understand it as an equation relating only interfacial
quantities to each other. The adsorption isotherm equations relating interfacial and bulk quantities make
another class of thermodynamic relationships, which we here exclude from consideration with a note that
any such relationship can be easily derived from the Gibbs adsorption equation if the equation of state is
known. The latter itself cannot be obtained from thermodynamics: either statistical mechanics or an
empirical approach is needed.

The history of a two-dimensional equation of state is considerably shorter than that of a three-
dimensional one. Nevertheless, the list of equations proposed is long enough, which mirrors
the variety of attractive and repulsive forces combined in monolayers of various nature. In
addition, the degree of rigor and accuracy divides equations and also increases their number. We
here present a novel thermodynamic approach to the equation-of-state theory [155-160] that
concentrates on the short-range repulsive part of an equation of state and, therefore, is applicable
to any sort of the monolayer particles (molecules, ions, or even nanoparticles) and their mixtures.
Constructing the hierarchy of approximations, we will not only derive new equations of state, but also
reproduce most important earlier equations (including classical ones). For this reason, we do not give a
survey of the state of the art in the field; some previous results will be obtained in the course of
derivation.

6.1. Novel approach to the equation-of-state theory

Some distinctive features of the novel approach can be formulated as follows. (a) Three-dimensional
aspects of a monolayer (such as orientation of anisometric particles) are taken into account. The theory is
generally based on three-dimensional thermodynamic equations. (b) Ockham’s razor (the principle of
maximum simplicity) is in action to avoid plurality. This means that, when having multiple solutions, we
choose the simplest of them. It is possible to meet ten or more fitting parameters in modern equations of
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state. We use a single fitting parameter if any. (c) The approach novelty is attributed to the new definition
and use of the excluded area and the exclusion factor that is a main parameter of the theory. To understand
these quantities, a preliminary survey of other geometrical characteristics of monolayer particles is
needed.

6.1.1. Geometrical characteristics of monolayer particles

The simplest geometrical characteristic of a monolayer particle is its parking area. Accounting for the
Brownian rotation, we can consider monolayer particles as having a disk shape (in the case of the absence
of rotation, one can speak about an effective disk shape of a particle) to write

ap = nriz, (6.2)

where a; is the parking area of a particle of the ith species and r; is the particle radius. Let I} be the
surface particle density (the monolayer particle number per unit area coinciding with adsorption for a
non-soluble and non-volatile monolayer), I" the total surface particle density for all species, and x; the
mole fraction of particles of the ith species:

r;

7 I'= Zri. (6.3)

Xi

Using Eq. (6.3), we can define the average parking area a in case of a mixture as

ag = Z Xia;o- (64)

A minimal area per a particle of the ith sort in a densest monolayer (under infinitely large two-
dimensional pressure) is designated as a;.. Generally, a;y and a;,, are different. They can coincide only in
the model of soft disks when particles are capable of two-dimensional straining at maintaining their area.
However, a;, is always larger than a;¢ in the model of hard disks, the ratio a;../a;o depending on the
packing type. For a single-species monolayer, a;../a;, = 4/7 for the square packing and a;../a;o = 3"*(2/
) for the hexagonal packing. However, the models of soft and hard disks are insufficient for monolayers
with anisometric particles where both the areas are dependent of the particle orientation. For a
multicomponent monolayer, we can, by analogy with Eq. (6.4), also introduce the average minimal
area per a particle as

Ao = inaioo. (65)

Interestingly, the average quantities ag and a., are closer to each other than the corresponding areas for
individual species. The wider the size distribution, the closer are ag and a., because smaller particles fill
cavities between large particles. We illustrate this by the example of the square packing of hard disks
(Fig. 19). For disks of one size, ag/a,, = m/4 ~ 0.7854. If we now add disks of smaller size (component
2), the geometrical relationships hold

2 2
ap _w(l+27) (0<x<2/?_1), “_(’:M R2-1<a<),
aso 4 oo 2(14A)
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Fig. 19. An elementary cell of a square lattice of disks of two dimensions.

where A = ry/ry. The value A =2"2— 1 corresponds to the case when the second disks exactly fit the
cavities in the square lattice of the first disks. In this case, the ratio ap/a., = 0.92 attains its maximum, but
also remains larger than 0.7854 at all other values of A.

The above two areas are related to the manner of giving the amount of matter in a surface monolayer.
Area a; participates in formulating the surface packing fraction of the ith species ¢; and the total packing
fraction of all species ¢ as

0, = F,‘Cl,’o, = Z F,‘Clio = Fa(). (66)

Area a;. stands in the definition of the degree of surface coverage for the ith species 6; and for all species
together 6:

GiEF,-a,-oo, 0= Z Fiaioo = Faoo. (67)
i

In view of the said above, a difference between ¢ and 6 can be not significant for a mixture.

The parking area characterizes the particle dimensions in the monolayer plane. However, every
particle has also a linear dimension in the third direction (normal to the monolayer plane). Since liquid
substrates are always horizontal, this linear dimension is often termed as the particle height. Accepting
this terminology (although a solid substrate can be not horizontal) and designating the particle height for
the ith species as h;, we can introduce the average monolayer height (thickness) as

h= inhl'. (68)

We now pass to the definition of the partial particle area a; in a mixed monolayer. Introducing partial
quantities is a standard operation in thermodynamics. We can imagine that we add an additional particle
to a monolayer at given two-dimensional pressure and area. This leads to a change of pressure, and, to
return pressure to its original value, we have to change the monolayer area. The resulting area increment
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is just the partial particle area and is defined mathematically as

0A >
a=— : (6.9)
<8Nl T,?T,,,,Nj%,‘

where N; is the number of particles of sort i in the monolayer. Quantity a; is always larger (for a gaseous
monolayer, incomparably larger) than a,y or a;... The average partial particle area in a multicomponent
monolayer is defined as

a= inai. (6.10)

Defining the partial particle area, we implied that a particle added is identical with the monolayer
particles. In particular, the particle added is involved in thermal motion and contributes both to the kinetic
and force parts of the pressure. Let us now assume that a particle is inserted to a certain position on the
surface, and the particle center of mass is at rest. Such a particle do not contribute to the kinetic part of
pressure, but influences the two-dimensional pressure in two different ways. First, the particle occupies a
certain place on the surface to create an excluded area. Second, the particle interacts with other (moving)
particles of the monolayer: the attraction decreases the pressure, while the repulsion increases it.
Thermodynamically, we may regard particles with resting center of mass as a separate component. By
analogy with Eq. (6.9), we can define the partial particle area for resting particles of sort i as

3A
@ = <—o> : 6.11)
N T 7tmNiNY

where the superscript O denotes that the center of mass of a particle is at rest. We also introduce the
average value of @? in a mixed monolayer

a = Z x,a?. (6.12)

Of course, a° differs from a, but both the quantities can be of any sign depending on the counterbalance
of attractive and repulsive forces. To simplify the situation, we introduce one more quantity, the excluded
area a;* for particles of sort i, that is a? in the absence of long-range forces with accounting for only short-
range repulsive forces specifying the particle size. In other words, the excluded area is defined as the
partial area of a resting particle in the absence of long-range forces:

as* = a? (no long-range forces). (6.13)

The excluded area is evident to be always positive. As usual, we also define the average excluded area a®*
in a mixed monolayer

a* = inafx. (6.14)

The excluded area is a central quantity of the approach to be presented below. So we now proceed to the
analysis of its properties.
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Fig. 20. The excluded area (shaded) created by a resting particle (black) with respect to another particle of different size.

6.1.2. Excluded area and exclusion factor

We begin with the consideration of a rarified gaseous monolayer consisting of discrete particles and
not containing clusters. If the particle number is given, the two-dimensional pressure is determined by the
surface area where the particle mass centers move. The excluded area created by a resting particle is
evident to be an area inaccessible for the centers of mass of moving particles. Then a resting particle of
radius r; creates, for a moving particle of radius r, the excluded area 7 (r; + rn)? (Fig. 20). Denoting it afj’,
we have

af = (ayy” +ay), (6.15)

where a;y and a are the parking areas of particles of sorts i and k, respectively, defined according to
Eq. (6.2). As is seen from Eq. (6.15), the excluded area depends on the sizes of both the particles. The
frequency of appearance of particles of various species near the given particle of sort i is determined by
the particle mole fractions x; (see Eq. (6.3)). On average, a particle of sort i creates the excluded area

o = Dot =3l i) 616

By averaging this value over all species according to Eq. (6.14), we obtain the average excluded area
created by a particle of a multicomponent gaseous mixture

a®* = le-a?x = inxk(ailo/z + a}l((/)z)z' (6.17)
i ik

For the sake of simplicity, it is convenient to formulate equations in a dimensionless form. The
exclusion factor is a dimensionless representation of the excluded area as its ratio to the parking area for a
given sort of particles

€X

fi=—+— (6.18)
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and, on average,
=__. (6.19)
ao

From Eqgs. (6.3), (6.6), (6.14), (6.18), and (6.19), it follows that averaging f; proceeds with respect to the
packing fraction:

f= Z% (6.20)

Eqgs. (6.4), (6.17), and (6.19) yield the exclusion factor for a rarified gaseous monolayer f (subscript O
means the low concentration limit)

1/2 1/242
Zi,k xixk(ai()/ +ak(/) )

Z,' Xiaio

If the particles of all species possess equal parking areas (a;y = ag for all i), Eq. (6.21) yields f, = 4. In the
general case, the exclusion factor, even in a gaseous limit, is a function of the parking area ratios and
composition. We consider a binary gaseous monolayer for the sake of illustration. Setting x; = x,
xo=1—x, and A= axolaip (A is the ratio of linear dimensions) reduces Eq. (6.21) to the form

Jo= (6.21)

L4 2x(1 = x)(1+2)* +4(1 —x)°22

fo x+ (1 —x)A?

(6.22)
Fig. 21 shows the plot fo(x) for possible size ratios within the range 0 < A < 1 (the particles of the first
species are assumed to be larger). The exclusion factor is seen to be smaller for a mixture than for the
individual species, which leads to a minimum whose depth and location depend on the particle size ratio.
As the size ratio becomes more different from unity, the minimum increases its depth and shifts to the side
of the species with larger particles. In any case, however, the exclusion factor remains within the narrow
range 4 > fo > 2.

A=05 7
f() T v
3.6 — 7
7/

b /
32 A=02 //

i /

/
e\ A=01 y
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b /
/

2.4 — ,

i /

/
2 T l T | T I T I T
0 0.2 0.4 0.6 0.8 1

Fig. 21. The composition dependence of the exclusion factor in a binary system at various particle size ratios A. The dashed line
corresponds to the limit A — 0.
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We now turn to a denser state of a monolayer with developing clustering. Let us imagine that not a
single particle but a cluster containing n particles of various species is inserted in a monolayer to a certain
localized position. If a. is the average area per particle in the cluster, the cluster will occupy the area na.
to have the radius R = (na./m)"". In accordance with Fig. 20, the cluster will create, with respect to a
mobile particle of the kth species, the excluded area (cf. Eq. (6.15))

AP =R+ r)” = [(na0)'” + g’ (623)
The average excluded area created by the cluster is

A% =3 " xl(nac)' + ag)’T (6.24)
K
or, when reckoning per one cluster particle,

A 1/212
== "x [ag/z + (%) } . (6.25)
n X

n

Correspondingly, the exclusion factor is determined as

4o a\ 1/2 o 17272
_a e a0 6.26
f= ;xk[(a() +(mo> ] : (6.26)

The analysis of Eq. (6.26) is complicated by the fact that the area a. is itself dependent on n (i.e. on the
cluster size) due to the boundary effects. For a discrete particle a. = ag. In a cluster, a. is always larger
than a, but diminishes with the cluster growth unless attains its minimal (for a given cluster structure)
value a,, at n — oo. The limiting value for the exclusion factor is

fo =2 (6.27)
ao
For a monolayer of a single species, the condition f,, =1 is possible only in the model of soft particles
(disks). As for a mixed monolayer, approaching the exclusion factor to unity can result from the favor size
ratios when smaller particles fill in interspaces between larger particles.
Area a., can also be used for introducing the alternative exclusion factor

ex _ fa()
—

oo

Q

Q
7|

8 (6.28)

which tends exactly to unity in the densest limit. Using the definitions of ¢ and 6, Egs. (6.6) and (6.7), we
also can write

of =06g=Ta". (6.29)

The couple ¢ and f is convenient for description beginning from a gaseous state, while the couple 6 and g
is more appropriate for dense states. However, both the variants of description are completely equivalent.
Since the value of a., depends on the packing type, the restrictions for f and g should be written
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separately for every type of packing. As an example, we have for the system of hard disks of one size

4
4> f> —~ 1.273, mw>g>1 (square packing), (6.30)
4> f>3 _) = 1.103, 312~ 3.628 > g > 1 (hexagonal packing). (6.31)

Although some information on the functions f(¢) and g(f) can be obtained from the known virial
expansions, the problem of finding a general explicit form for these functions has not been solved up to
the present. However, we established both the functions to be capable of changing only within a narrow
interval as the two-dimensional pressure changes over the whole unlimited range. This allows us to hope
that even simple but reasonable approximations for these functions can produce acceptable results. We
will see below that, indeed, the exclusion factor turns to be an effective tool for constructing an equation
of state.

6.1.3. Master equation
Since an equation of state can always be represented as a set of isotherms, we will deal, for the sake of
simplicity, with the isothermal variant of the Gibbs adsorption Eq. (6.1)

dm, = Tidy,. (6.32)

Deviating from the common practice, we refer chemical potentials in Eq. (6.32) to an interface, which
immediately allows us to treat Eq. (6.32) as an implicit differential form of an equation of state. Since the
adsorption of a substrate is zero in the Gibbs adsorption equation, Eq. (6.32) contains only the adsorptions
of the monolayer species. Assuming them to be non-soluble and non-volatile secures the coincidence of
the adsorptions and real amounts of the species per unit monolayer area.

Considering a monolayer as a three-dimensional object, we use the standard expression of statistical
mechanics for the chemical potential of the ith species (cf. (4.46))

wi = w4+ kgTln(c; A;), (6.33)

where 1! is the chemical potential of a particle with resting center of mass (taken with account of all
interactions in the system) and c; is the local concentration (the particle number per unit volume). The
resting particles to which chemical potential u! refers, can be formally treated as a separate species.

At given temperature and composition, chemical potentials are dependent on pressure. We assume the
outer pressure to be constant, so that only the dependence on the two-dimensional pressure remains. The
standard thermodynamic relationship is

dw; = a; dmy, (6.34)

where q; is the partial area of a particle of sort i given by Eq. (6.9). Applying Eq. (6.34) to a resting
particle, we have

dp? = ¥ dr,, (6.35)
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where @ is the partial area of a resting particle given by Eq. (6.11). The three-dimensional local
concentration c; can be expressed as

o =1i (6.36)

where 4; is the monolayer thickness corresponding to the height of particles of sort i (evidently, particles
of different sorts can possess different heights).
Differentiating now Eq. (6.33) and accounting for Egs. (6.35) and (6.36), we obtain

du; = a) dm, + kgTdIn I, — kgTdIn ;. (6.37)
Putting now (6.37) in (6.32), we arrive at the equation
(1 - ra®)dm,, = kgT dI' — kgTcdh, (6.38)

where I', h, and &° are defined in Egs. (6.3), (6.8), and (6.12), respectively, and ¢ = ), ¢; is the total
concentration of all species. The last term in Eq. (6.38) accounts for the effect of orientation that appears
only for anisometric particles and in sufficiently dense monolayers. Apparently, the average monolayer
thickness £ is itself dependent on i, and I". For this reason, Eq. (6.38) can be written as

dm,  kgT(1 — cdh/dI)
dr 1—TIa°

The integration of Eq. (6.39) is possible when the behavior of the partial particle area a° is known.
However, as was already stated above, even the sign of a® is uncertain. At the same time, the direct
contribution of long-range forces to pressure has already been estimated and known in many cases. This
suggests integrating Eq. (6.39) in the absence of long-range forces and adding the contribution of long-
range forces (as 7y where subscript | symbolizes long-range forces) to the final result of integration. In the
course of such integration, area a° automatically changes to the excluded area «°*, and the resulting
equation is

TkgT(1 — cdh/dI)
Tom = 0 1 — I'a®x

(6.39)

dr +m (6.40)

The integration in (6.40) is carried out at constant temperature and composition. A particular expression
for m depends on the kind of interparticle interaction. For example, for van der Waals forces

m == aylil, (6.41)
ik

where «;;, is the constant of interaction of particles of sorts i and k. Eq. (6.40) is valid for a monolayer of
any nature and can be termed as a master equation for its significance and capability of generating various
equations of state.

The master Eq. (6.40) can be rearranged to two equivalent dimensionless forms. Using the average
parking area a( and the exclusion factor f according to (6.19), the first dimensionless form of Eq. (6.40) is

Y1
F= / 1—caydh/dg 4\ = (6.42)
0 1 - fo
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where 7 =m,a0/kgT is the dimensionless two-dimensional pressure and 7; its long-range part.
Correspondingly, Eq. (6.41) changes to the form

Fl=—> dup (6.43)
ik

where &y = aao/ksTajpax is the dimensionless interaction constant. Using now the average minimal
area a,, and the exclusion factor g, we obtain the second dimensionless form of Eq. (6.40) as

- /el—dlnh/dlne
A —
0 1 —gb

a0 + 7, (6.44)

where 7' = .4, /kgT is the alternative dimensionless form for the two-dimensional pressure and ﬁ; its
long-range part. Eq. (6.41) is now transformed to

A== dy6ik, (6.45)
ik

where d;k = Qjkloo [k Tainoaroo 18 the other dimensionless form for the interaction constant.

As was already stated above, the derivative di/dg is related to a change in the particle orientation. For
the case of symmetrical particles, dh/dg = 0, and Egs. (6.42) and (6.44) are reduced to their simplest
forms

@ d(p
= + 71, (6.46)
/o 1= fo
]
o = 47
7 ) 1_g9+7rl (6.47)

Egs. (6.46) and (6.47) already do not contain a three-dimensional aspect and can be termed as two-
dimensional master equations.

6.1.4. Exclusion factor from the virial equation of state

As is seen from Eqs. (6.46) and (6.47), only the dependence of the exclusion factor on surface
concentration is needed to obtain an equation of state in an explicit form. If, the reverse, an equation of
state is known, Egs. (6.46) and (6.47) allows finding the dependence of the exclusion factor on surface
concentration. For this purpose, we can use the known virial form of the fluid equation of state, which,
although being incomplete, can give us a general idea of the exclusion factor behavior.

A general form of the virial equation of state is

T = kgT(I" 4+ By 4+ B3 + ---), (6.48)

where B; are the virial coefficients (B; = 1). In the case of a mixed monolayer, the virial coefficients are
composed of the partial virial coefficients of individual species By, By, etc. The additivity rule reads

B, = ZBikxixk, B; = ZB,-J-kxixjxk, etc. (6.49)
ik

i,jk
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Table 1

Eight first virial coefficients for a system of identical hard disks

i b; [162] b (square) b’ (hexagonal)
1 1 1 1

2 2 /2 = 1.57079633 /3" ~ 1.81379936
3 3.12801775 1.92951861 2.57269148

4 4.25785446 2.062815835 3.17591274

5 5.336897 2.030712 3.610155

6 6.3626 1.90145 3.90329

7 7.351 1.725 4.090

8 8.338 1.537 4.207

Proceeding to the dimensionless variables ¢ and 6, we can rewrite, alternatively, Eq. (6.48) in two forms

F=¢+bg +bs¢’ + -, (6.50)
A =0+b6" +0,6°+ -+, (6.51)
where the dimensionless virial coefficients are defined, respectively, as
B; B;
bi=—, bi=—". (6.52)
ag a;

Methods of computing the virial coefficients are intensively elaborated in statistical mechanics. The
simplest results refer to a system of hard disks of one size, for which eighth first virial coefficients have
been computed [161,162]. The corresponding values of b; are presented in Table 1 together with the
values of b/ calculated for the square and hexagonal packing. These values can be used for estimating f(¢)
and g(0). Let us illustrate this procedure by example of function f(¢). Applying Eq. (6.46) to the system of
identical hard disks (i.e. setting 77, = 0) and equating the right-hand sides of Eqs. (6.46) and (6.50), we
obtain

CdRfde— 1 Yo.,ibig? 2by +3byp+ -

- - —1 6.53
I = dtfdy T4yt i 2t 6.53)
Important relationships follow from Eq. (6.53) in the limit ¢ — O:
fo =2by, (6.54)
d
(—f> = — ko = 3bs — 4b, (6.55)
de/,

where kg is the absolute value of the initial negative slope of the exclusion factor isotherm.
Comparing Egs. (6.21) and (6.54), we obtain a formula for calculating the dimensionless second virial
coefficient for the system of hard disks of various dimensions

D wm(ag” + )’
by = X , (6.56)

2 E Xiajo
7
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Naturally, this formula is known in statistical mechanics, which confirms the validity of Eq. (6.21). The
algorithm of calculating the partial third virial coefficients for a multicomponent system of hard disks
was elaborated by Rowlinson and McQuarrie [163]. Their formula reads

4
Bij = gﬂzﬂiﬁiko’jkl(ﬁij, Oiks O jk) (6.57)

where 0;; =r; + rj, and I(a, b, c) is the following function. If each of quantities a, b, ¢ does not exceed the
sum of the two others, I(a, b, ¢) is

I Abc  Bac Cab A(d® + b +?)
" dma  4mb  4wce 4mabe

) (6.58)

where a, b, ¢ can be interpreted geometrically as the sides of a triangle, A being the triangle area and A, B,
C angles opposite to corresponding sides. In other cases, the function I(a, b, c) is defined as

b
1= P (c>a+Db), etc. (6.59)

Proceeding to a dimensionless form of the third virial coefficient is accomplished as

i Bixi

(3 xian)?

For a system of identical disks, Eqs. (6.56) and (6.60) yield the values b, = 2 and bs = 4(4/3 — 3%/
) ~ 3.128 shown in Table 1. According to Egs. (6.54) and (6.55), we then obtain fy = 4 and ky = 6.616.
Putting now all eight values of b; from Table 1 in Eq. (6.53) with truncated (at i > 8) sums, we can
calculate the initial behavior of the exclusion factor f in more detail. The result is exhibited in Fig. 22 that
shows function f(p) to be decreasing and slightly concave. The above formulas for f can be easily
reformulated for g by replacing a;0 — a0, b; — b;, and ¢ — 6. Qualitatively, the behavior of g(6) (with
go = 271/3"% for hexagonal packing) is similar to that of f(¢) shown in Fig. 22.

bs (6.60)

4 —
f 4
3 —

0 0.2 0.4 0.6 0.8 ¢ 1

Fig. 22. The plot of f{¢) for a system of hard disks according Eq. (6.53) truncated at i = 8 and the virial coefficients values taken
from Table 1.
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6.2. Two-dimensional equations of state

The above part of the equation-of-state theory was thermodynamically rigorous and resulted in the
master equation capable of generating equations of state. The particular forms of the master equation,
Egs. (6.46) and (6.47), are destined for deriving two-dimensional equations of state, to which we now
proceed. Further development will depend on the rational choice of approximations for the exclusion
factor.

6.2.1. Low-density approximations

Looking at Fig. 22, we could omit at once unrealistic assumptions. This, however, would mean missing
some famous and classical equations of state. Therefore, we will begin with simplest assumptions for
historical reason. The zero approximation is evident to be the constancy of the exclusion factor.
Integrating of Eqs. (6.46) and (6.47) at constant f and g yields

_In(1— fo)
f

In(1 — g6
ﬁ:—ﬂ—iﬁ+ﬂ. (6.62)

8

7= + 77, (6.61)

Applying Eq. (6.61) to the gaseous region and setting f = f;,, we obtain
_In(1 - fop)
Jo

For a one-component monolayer (fy =4) and for the van der Waals forces (see Eq. (6.43)), Eq. (6.63)
becomes

7= + 7. (6.63)

In(1 ; 4¢) o, (6.64)

=
which is a two-dimensional analog of the Planck equation of state for a monatomic non-ideal gas [164].
Taking a Taylor series expansion for the logarithm, we see that Eq. (6.64) yields correct values for the first
and second virial coefficients (the third one deviates significantly from the known values).

The plot in Fig. 22 suggests that the constancy of the exclusion factor could be a better approximation
for denser states. Turning to Eq. (6.62) and setting g = 1, we have

# = —In(1 - 6) + 7 (6.65)

For a one-component monolayer, Eq. (6.65) is known as the van Laar equation at 7; = 0 and as the
Frumkin equation at 7; = —ab?. The van Laar equation was generalized by Krotov [165] for a mixture of
particles of equal parking areas, while the Frumkin equation was generalized by Fainerman et al. [166]
for a mixed monolayer with van der Waals forces when 7, is given by Eq. (6.45).

For the sake of brevity, we conduct further investigation with Eq. (6.46) only. According to Fig. 22, it is
suggestive that the first approximation should be a linearly decreasing function

f=f—hg, (6:66)
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where k is a positive constant. Putting (6.66) in Eq. (6.46) yields

@ d(p
7= —_— A 6.67
/o 1= fop+kig? ©o7

Not only the numerical value, but also the mathematical form of a result of integration in (6.67) is
dependent on the choice of constant k;. It is time to switch on Ockham’s razor: we choose the constant as
ki = f2/4, for which the result is the simplest:

LA (6.68)
¢

1-(/f0/2)

Passing to a one-component monolayer f, = 4 with van der Waals forces, Eq. (6.43), and restoring the
dimensionality, Eq. (6.68) is represented as

T =

kTI

= T 2ar al? (6.69)

TTm
that can be easily recognize as the two-dimensional van der Waals equation (the wrong interpretation of
coefficient 2agq as an excluded area is also evident). Thus, Eq. (6.68) can be termed the dimensionless
generalized two-dimensional van der Waals equation of state.

Proceeding to the second approximation, we try to account for the concavity of the dependence f(¢).
This can be attained in many ways, and the traditional method is using polynomial representation. The
use of a polynomial ratio is a still more general and sensitive method. Starting from Eq. (6.66), the
simplest formula of this method is

_ Jo—kig

r= 1+ ko’

(6.70)

where k; is a second positive constant. Obviously, constants k; and k; should be so chosen as to satisfy the
boundary conditions f = f and (df/dgp)q = —ko at ¢ — 0. This yields the relationship k| = ko — foka, so
that only one of the coefficients (let it be k;) can be chosen independently but inside the range k, < 27/7
(this requirement appears because f cannot be smaller than unity, whereas ¢ cannot be larger than unity).
Putting (6.70) in Eq. (6.46) results in

y ¢ (14 ko) dg 3
= . 6.71
d /o 1+ (k2 — fo)o + (ko — fok2)g? M (6-71)

This time Ockham’s razor dictates k, = 2k(1)/ i fo (this value changes the denominator of the integrand
to the square of a sum). After performing the integration in (6.71), we arrive at the equation of state

. 2B+ fo B+fo ¢ .
7="—"1n(1+ By) — + 7, (6.72)
? B 1+pe
where a constant S = k(l)/ 7 fo has been introduced for the sake of convenience.

Eq. (6.72) resembles a combination of the dimensionless two-dimensional Planck and van der Waals
equations of state and, naturally, is as simple as both these classical equations. However, Eq. (6.72) is
more accurate and exactly reproduces three first virial coefficients. For a monolayer containing a single
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species, we have f, =4 and B~ —1.428, which imparts to Eq. (6.72) a numerical form

7 =0.5611n(1 — 1.428¢) + 1.801¢/(1 — 1.428¢) + 7;. (6.73)
For the case of van der Waals forces, Eq. (6.73) becomes

7 =0.5611n(1 — 1.428¢) + 1.801¢/(1 — 1.428¢) — d@¢* (6.74)

and permits us the direct comparison with the two-dimensional Planck and van der Waals equations. The
last attractive term in (6.74) contributes only to the second virial coefficient. The other virial coefficients
should be the same as in a system of hard disks, which makes possible to estimate the accuracy of
Eq. (6.74) using Table 1. The result follows: three first virial coefficients are reproduced exactly, the
fourth is overestimated only by 9% and the fifth by 28%. Thus, Eq. (6.74) is much more accurate than the
van der Waals equation. In addition, Eq. (6.74) comprises a wider range of validity (0 < ¢ < 0.7) as
compared with the van der Waals equation (0 < ¢ < 0.5).

For a long time, just the van der Waals equation was used for describing two-dimensional
condensation and critical phenomena (see, e.g. [154]). For comparison, it is of interest to determine
the critical constants of Eq. (6.74). Equating the first and second derivatives of the right-hand side of
Eq. (6.74) with respect to ¢ to zero, we obtain ¢, = 0.202, &. = 6.019, and 77, = 0.075, where subscript
“c” indicates the critical state. Other important parameters are the critical compressibility factor Z. =
7. /¢. and the Boyle point as a temperature where the second virial coefficient becomes zero. Since the
second virial coefficient (identical for all the three above approximations) is 2 — &, we obtain &g = 2 for
the Boyle point. Table 2 well exhibits how the equation of state is improved when ascending in the
hierarchy of approximations.

When Eq. (6.72) is applied to a mixed monolayer, its coefficients are not constant any more. They
depend on the size ratios of particles and should be calculated separately for every particular mixed
monolayer. Using Egs. (6.54) and (6.55), we can express the parameter g in Eq. (6.72) via the second and
third virial coefficients:

B=k\*— fo=(4b3 — 3b3)"/* — 2b,. (6.75)

In their turn, the virial coefficients for a mixed monolayer are calculated from their partial virial
coefficients as was shown in the preceding section. The computational scheme including virial
coefficients seems to be most reliable since the method of calculating partial virial coefficients of
mixtures are widely spread and permanently improved. Concluding this section, it should be noted that
the above gaseous equations of state were deduced without a fitting procedure and can be calculated pure
theoretically. To consider more general equations, we have to proceed to methods including a fitting
procedure, although to a minimum extent.

Table 2
Comparison of the zero (Planck equation), first (van der Waals equation), and second (Eq. (6.74)) approximations for the
equation of state (m is the number of exact virial coefficients)

Equation Range m e Oc G Z.

Planck 0< <025 2 0.0483 0.1250 8 0.3864
van der Waals 0<¢e<05 2 0.0625 0.1667 6.750 0.3749
(6.74) 0<¢<0.7 3 0.0748 0.2022 6.019 0.3699
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6.2.2. Equations for the entire density range

Using a set of virial coefficients as a reference system is evident to be suitable only for gaseous
equations. Proceeding to dense monolayers, we need another reference system, which can be a database
created by numerical computer experiment (Monte Carlo and molecular dynamics). The most appro-
priate and reliable is the high-precision (with accuracy 0.01%) database (consisting of 10 points) by
Erpenbeck and Luban [167] for the system of hard disks (we reproduce it below). Therefore, we will use
this database as a reference system in subsequent consideration. That fact that not only accuracy, but also
the accessible range rapidly increase in the approximation hierarchy (see Table 2), suggests an idea that
the analysis of still higher approximations can lead to an equation of state for the entire density
(concentration) range. So we continue constructing the approximation hierarchy by subsequent adding
the higher terms (k3(p2, k4g03, k5(p4, etc.) to the numerator of Eq. (6.70), the denominator being maintained.
At each step, after putting the resulting expression for f in Eq. (6.46), all the constants k; are so chosen as
to reduce the integral to its simplest form (again Ockham’s razor) with a single parameter k. In this way, a
general formula for the equation of state in the nth approximation (n > 3) was deduced [159,160]

Eq. (6.76) is valid for an arbitrary number of species in a monolayer and is simplified only by setting
fo=41n the case of a single species. It is easy to verify at 7; = 0 that Eq. (6.76) yields a correct value for
the second virial coefficient irrespective of a particular value of parameter k. This secures the
applicability of Eq. (6.76) to a two-dimensional gas at any choice of k that can be converted into a
fitting parameter for the entire density range. Below, we illustrate such a procedure for the system of hard
disks of one size.

Let us begin with applying the computer simulation database for estimating the accuracy of the above
gaseous equations. For the system of identical hard disks ( fy = 4, 7; = 0), Egs. (6.63), (6.68), and (6.73)
becomes

In(1 — 4¢)

FO0) — 6.77
7 P (6.77)

) _ % 6.78
=15 (6.78)

1.801¢

72 = 0.5611n(1 — 1.428 .
& n( T

(6.79)

We join to them the van Laar equation (Eq. (6.65) at 7; = 0) that is not gaseous but belongs to the zero
approximation (denoted as (). In terms of ¢ and for the densest (hexagonal) packing, it reads

(0 In(1 — 1.103¢)
) - -\ - FF)
b4 1103 . (6.80)
We also try to apply the fitting procedure to Eq. (6.72). The matter is that, similarly to Eq. (6.76),

Eq. (6.72) at 7; = 0 yields a correct value for the second virial coefficient irrespective of a particular
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value of parameter [3 that, therefore, can be replaced by the fitting parameter k to give

4 — 2k 4 —k ©
7?2 = In(1 — kg) + —— .
& o n(l—ke) + ==
Eq. (6.81) fits the standard database [167] with k ~ 1.2258 and the coefficient of determination
R*=0.998154 (the nearness of R” to unity determines the fitting quality). With this value of &,
Eq. (6.81) takes a numerical form (we denote this approximation as 2’).

2.2632¢
1—1.2258¢"

6.81)

#%) = 1.03051n(1 — 1.2258¢) + (6.82)
Since the coefficient of the logarithm turns to be very close to unity, we may drop it in Eq. (6.81) and
repeat the fitting procedure, which yields

2.295¢
1 —1.214¢

with k = 1.21397344 =~ 1.214 and R* = 0.999047. The last number shows that Eq. (6.83) is even more
accurate than Eq. (6.82). Fig. 23 exhibits the isotherms of the dimensionless two-dimensional pressure
according to Egs. (6.77)—(6.80) and (6.83) (approximations 0, 0’, 1, 2, and 2') as compared with the
standard database. Naturally, Eq. (6.83) is the best for dense states (with deviations not more than 3.5%)
but deviates by 7.7% in the point with the lowest density. This stimulates us to consider approximations of
higher orders.

Proceeding to Eq. (6.76), we set 77; = 0 to apply Eq. (6.76) to the system of hard disks. For the sake of
comparison with known equations of state, we also introduce the compressibility factor (whose critical
value was already used above)

7% =1n(1 — 1.214¢) + (6.83)

I1 I
z=14_1 (6.84)
kT ¢

Fig. 23. The isotherms of the dimensionless two-dimensional pressure of the system of hard disks in the zero [0 is Eq. (6.77) and
0"is Eq. (6.80)], first [Eq. (6.78)], and second [2 is Eq. (6.79) and 2’ is Eq. (6.83)] approximations. Points are the data of computer
simulation [168].
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Table 3
The values of the fitting parameter k and the coefficient of determination R? for various approximations of Eq. (6.85) (n > 3) and
some other equations

n k R?

2 [Eq. (6.82)] 1.225800 0.998154
3 1.014493 0.999908
3’ [Eq. (6.83)] 1.009229 0.99995
4 0.876677 0.99999
5 0.787681 0.99993

Then Eq. (6.76) is replaced by the equation

1 4—2k(n—1)
u—k@”*{“+m—1Xn—mW¢

Taking particular values for n, we find corresponding k-values by the computer fitting procedure. Table 3
shows that the maximum accuracy (with deviations not more than 0.46% from the standard database) is
attained in the fourth approximation). Passing to higher approximations, the accuracy becomes worse as a
result of using only a single fitting parameter.

Let us have a look at the equations themselves in the third and fourth approximations. At n =3
Eq. (6.85) becomes

7)) —

Kvwm“—1+m—ww@ (n1>3) (685

1+2(1 -k
z0 1120 =he. (6.86)
(1 —ke)
If k=1, Eq. (6.86) reproduces the known equation of the scaled particle theory [168—170]
Z=(1-¢) 7 (6.87)

which simultaneously is a two-dimensional analog of the Carnahan—Starling equation of state for hard
spheres [171]. As it follows from Table 3, the coefficient  is indeed close to unity, which gives evidence
of a high accuracy of Eq. (6.87). Therefore, one can say that the scaled-particle-theory equation of state
corresponds to the third approximation of the excluded area theory. We can simplify the form of
Eq. (6.86) by neglecting the second term in the numerator and, for compensation, by repeated finding a k-
value form the fitting procedure. The resulting equation (we denote this approximation as 3')

780 = (1 — k) ? (6.88)

turns to be even more accurate than Eq. (6.86) and the new value of k still closer to unity (cf.
approximations 3 and 3’ in Table 3).
Eq. (6.85) in the fourth approximation is

1 — 3k —2)p +k(k—2/3)¢

7@4) —
(1 - kp)’

(6.89)
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Table 4
The compressibility factor Z for the system of hard disks from the computer simulation data [168] in comparison with the
estimates according to Eq. (6.91) [163] and Eq. (6.90) [160]

® Z [168] Z [163] zZ®

0.030230 1.06337 1.06333 1.06345
0.045345 1.09743 1.0973 1.09757
0.090690 1.21068 1.2095 1.21083
0.181380 1.4983 1.493 1.49930
0.302301 2.0771 2.058 2.08135
0.453451 3.4243 3.372 3.43960
0.503834 4.1715 4.107 4.19089
0.566814 5.4963 5.427 5.51355
0.604601 6.6074 6.558 6.61278
0.647787 8.306 8.359 8.29391

Using the k-value shown in Table 3, Eq. (6.89) acquires a numerical form

1) 1 =063 +0.184¢°
(1—0.876677¢)° ’

(6.90)

which, according to Table 3, is the most accurate in the family of Eq. (6.85). It remains to ascertain to
what extent Eq. (6.90) is competitive with the best equations of state presented in the literature for hard
disks.

Santos et al. [162,172] suggested a simple equation of state (written here in our notations)

200 —1 , -
Z = <1—2(p+72g0> , (6.91)
P
where ¢ = 1/fo =3"?1/6 is the upper limit for the parking area ¢ at the hexagonal packing. By
comparison with the most known equations of state for hard disks [167,173—-178], the authors showed
Eq. (6.91) to be of the highest precision among simple equations. Thus, apart from complex equations of
type of the approximants of Pade [178] and Levin [167], it is enough to compare Eq. (6.90) with
Eq. (6.91) and the standard database. Table 4 gives preference to Eq. (6.90) that becomes the most precise
among simple equations. It is also competitive with respect to complex equations, being only a little less
accurate than the Levin approximant [159].

As the short-range part has been precised, we can return to the general form of Eq. (6.76). For the case
of van der Waals forces (see Eq. (6.43)), Eq. (6.76) becomes

; 1 fo—2k(n—1) B } )
() — n—1
= + 1 -k —14+(n—Dkglp — ) e,
(1— k(p)"’] { (n—1)(n—2)k? I ¢) ( ko) ; K PiPx
(6.92)
In the case of a single species, Eq. (6.92) is reduced to
- 1 4 —2k(n—1) - } )
) = n—1 2
t i L=ke)" " =1+ (n—Dkg] o — d¢7, 6.93
(1~ kp)"! o =gl 4 (n— Dyl } — ¢ (6.93)
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where the values of n > 3 and k& can be taken from Table 3. Since Eq. (6.93) predicts phase transitions and
the critical state, the quality of a particular approximation can be estimated by calculating the critical
constants, especially the critical compressibility factor Z., as we did in Table 2. Such analysis [159,160]
shows that, although the equation applicability widens to the entire density range, the compressibility
factor only slightly decreases (from 0.3699 in Table 2 to 0.3661 in the fourth approximation) and remains
overestimated. The main source of this inaccuracy is the attractive term. Indeed, Eq. (6.93) includes a
highly developed and strict repulsive part and a very primitive attractive part taken from the van der
Waals equation. This part should be also improved, but not within the theory of excluded area to which we
devoted this section.

6.3. Orientation equation of state

Passing to a monolayer with anisometric particles, the role of the geometrical particle individuality
increases, which is displayed in the presence of the derivative di/dg in Eq. (6.42) (a similar effect
produces the derivative ds/df in Eq. (6.44)). An explicit relation between the monolayer thickness, two-
dimensional pressure, and surface concentration can be called an orientation equation of state. Finding
this equation can be formulated as a separate problem of thermodynamics and statistical mechanics. For a
long time, there was no idea of the form of such an equation, and only first steps in formulating theory
were undertaken recently [159].

To understand the significance of the orientation equation of state, let us first discuss the role of the
derivative dh/dg in Eq. (6.42). The thermodynamic stability condition requires that d7/dg > 0.
Traditionally imagining that particles pass from “lying” to “standing’ positions at increasing ¢, we
also have dh/dg > 0. However, this derivative enters Eq. (6.42) with a negative sign, so that the
presence of the derivative di/dg in Eq. (6.42) always lowers the derivative d7/dg and the monolayer
stability. One can imagine the case when the derivative dA/dg is such large as to reverse the sign of
d77/dep, which means instability and phase transition. Thus, we conclude that, in principle, surface
orientation can be the cause of a two-dimensional phase transition in a monolayer. This idea was
trivially manifested in experiments with surfactant monolayers, but not formulated thermodynami-
cally. Remarkably, this conclusion is valid irrespective of the term 77; in Eq. (6.42), i.e. even for hard
particles.

The existence of an orientation equation of state is evident even for a rarified gaseous monolayer. The
orientation effect is inevitable since collisions of particles occur only in one plane. The condition dA/
de =0 is fulfilled in the limit ¢ — 0 when there are no collisions. If /g is a minimal initial monolayer
thickness at the flat orientation of particles, one can assume the thickness increment h — hy to be
proportional to the collision intensity. The latter is proportional to the square of particle concentration and
to the effective cross-section of collisions, which is determined by the longitudinal (along the surface)
linear dimension of particles. The particle parking area is proportional to the square of this linear
dimension, and the product of the parking area and 4 is the particle volume that can be assumed constant.
Then the particle linear dimension turns to be inversely proportional to the square root of the thickness,
and we arrive at the orientation equation of state for a gaseous monolayer

 kag?

h_ho_m7

(6.94)
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where k5 is a constant. Eq. (6.94) becomes especially simple if A is negligible as compared with / (e.g. at
the orientation of long chains):

2~ ks (6.95)

In this case dIn//d1n ¢ = 4/3, and the contribution of the orientation effect to Eq. (6.42) is reduced to
the numerical coefficient.

Proceeding to condensed monolayers (and replacing ¢ with 6), one can start from the theory of
elasticity. This idea was already used in the theory of membranes [179] by introducing a tilt modulus. It is
reasonable to assume that a monolayer acquires elastic properties not at once, but after attaining a certain
threshold degree of coverage 6,. In accordance with the theory of elasticity, the cause of the monolayer
thickening is the tangential stress m,/h. The corresponding transversal elasticity modulus is

d(n/h)

A= nn (6.96)

The integration of Eq. (6.96) yields the orientation equation of state in the form

Ty = Tih + Ahln <ﬁ> ) (6.97)
hy hy

where the values 7, and A, correspond to 6,, i.e. to the beginning of orientation within the elasticity
mechanism. The transition to such orientation is typically marked with a kink in the pressure isotherm, so
that the value T, is easily measurable. Besides the minimum monolayer thickness /o (corresponding to
zero pressure), it is convenient to introduce the maximum thickness 4., corresponding to the densest
packing at infinite pressure. Then we can represent the orientation equation of state (6.97) in a
dimensionless form

th - (h
# =" i (-) , (6.98)
1 t
where 7’ is of the same sense as in Eq. (6.44), ;= raooho /kgT, and ﬁzh/hoo < 1 is the reduced
monolayer thickness.
For a dense state under consideration, we may set a®* = a and, correspondingly,

¢ e 1 (6.99)

Putting Eq. (6.99) in Eq. (6.44) and using (6.45) for the one-component case, we obtain the equation of
state for a monolayer with van der Waals forces

. 91 —dlnkh/dIn6
i = / L=dinh/dInG o0 g2 (6.100)
o 1-0/h

which, together with Eq. (6.98), completely describes the state of a monolayer with variable particle
orientation. The joint general solution of Egs. (6.98) and (6.100) is problematic. However, considering
the differential form of the equation of state, we can obtain some qualitative results concerning the kink
points of second-order phase transitions related to the particle orientation. After differentiating,
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Eq. (6.100) becomes

dri’ 1—dlnk/dIn6 da’
L Y L P 6.101
d0 1= 0/h * o’ (6100

where, for the sake of generality, the attraction constant & is assumed to be also variable due to
orientation. Since both the derivatives on the right-hand side of Eq. (6.101) are positive, the orientation
leads to decreasing the derivative d7’ /df. Obviously, there will be a similar behavior of the derivative
dr,,/dl’ = kgT d77' /df. So we conclude that, if a kink point is caused by an orientation phase
transition, the positive slop of the pressure isotherm should be smaller on the side of larger coverage
degrees 6.

7. Summary and horizons

Although this paper is a review, it contains a lot of material only recently published in the literature and
still not familiar to the wide audience of surface scientists. It is of hope, the review promotes accepting
this material with better understanding. Using an overall tensorial treatment in the mechanical and
chemical parts of the review yields a number of new notions, such as the volume and mass displacement
tensors and the chemical affinity tensor, and even a new class of thermodynamic variables, directed
partial molar quantities. The chemical potential tensor and the affinity tensor should be formally
incorporated in the chemical kinetics of solids. It is although of note that it is more important to
understand that to use the tensorial nature of these quantities in practice. The matter is that only a single
direction is typically used in a particular practical task, and, correspondingly, a single tensorial
component is taken whose tensorial origin can be unnecessarily mentioned (it may be simply called
“chemical potential’”). However, there are special cases when just the tensorial behavior of the chemical
potential determines an effect observed. An example considered is the mechanochemical effect of
dissolution when applying stress in one direction induces a change in solubility in another direction. No
doubt, the discovery of the mechanochemical effect of the strain sign will have further development, both
in the theoretical and experimental aspects.

The fast development of nanothermodynamics is expected. First of all, the equilibrium condition
should be reformulated. As was reported above, Gibbs established the equilibrium condition for a
dissolving solid particle with a special restriction that the solid state is maintained when changing the
particle size. This means that Gibbs considered particles large enough as compared with molecular
dimensions. For nanoparticles, the size dependence of particle properties cannot be ignored, and, as was
mentioned in Section 4.1, the derivative do/dR should be taken into account. Among other important
problems, there is accounting for the quantum-size effects. These effects have been investigated in many
aspects, but the study of their influence on surface energy, chemisorption, and the size dependence of
surface tension, only starts, to speak not only about nanoparticles, but also about thin films.

The excluded-area theory of an equation of state has been placed in this review because it has a
thermodynamic basement. This is an exceptional case since, generally, the equation of state is not a
consequence of thermodynamics and is something that should complement thermodynamics. The theory
results in finding the repulsive term of an equation of state with great precision, but says nothing about the
attractive term, which is to be found by quantum and statistical mechanical (not thermodynamic)
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methods. Using these methods and modeling will secure further progress in the calculation of the
attractive part of an equation of state, and the exact knowledge of the repulsive part will promote this
progress. It is also important for finding the equation-of-state constant by fitting to experimental results.
Having two or more fitting parameters, a god fit for the attractive constant was often attained earlier at the
expense of the repulsive constant. With the above theory, this will be excluded in the future when the
repulsive constant can be determined irrespective of the attractive one.

However, finding the repulsive constant from the excluded area requires the knowledge of the
geometrical shape of a particle. This is of no importance in two cases: if a particle is soft and if a
monolayer is of low density. In the first case, a particle (consisting, for example, of flexible fragments) is
capable of changing its configuration at various packing. In the second case, a particle (if not at zero
temperature) is in a state of thermal Brownian rotation and seems to be round irrespective of its real
shape. Thus, above considering the excluded area as the area of a circle is of general significance. The
knowledge of the real particle shape and dimensions becomes important for rigid particle in a high-
density monolayer. When the theory of excluded area for such particles will be formulated, it will make
the basement for the equation of state of anisotropic two-dimensional phases. The classification of such
phases will correspond to the classification of the particle types. Further progress is expected in
formulating the theory of an orientation equation of state.
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